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ON LINEAR FAMILIES OF INVOLUTIONS.* 


By N. H. Kuiper. 


QO. Veblen and W. Givens [10,11] studied the geometry of complex 
projective spaces. In this paper we follow their method and consider one 
of their topics: linear families of involutions. In Section 1 we mention the 
spin representation and we give a classification of (non-singular) linear 
families of involutions. In Section 2 we introduce an operation = strongly 
connected with the spin theory. In Section 3, this is applied to the projective 
?-dimensional space. Section 4 deals with a null system in a 6-dimensional 
quadratic hypersurface, Section 5 with the principle of triality, Section 6 deals 
with the 15-dimensional projective space. The theory reveals new aspects 
of the generalizations of the Kummer configurations (Section 7). 

Much of what is presented can be carried over without difficulty to pro- 
jective spaces over ground fields different from that of the complex numbers. 

I wish to thank Professor Oswald Veblen for introducing me to the 
theory of spinors and for many valuable remarks concerning the content of 
this paper. 

1. Involutions. We shall be concerned with a projective n-dimensional 
space P,, over the field of complex numbers, and with its linear subspaces {Pi}, 
shortly called spaces, of dimension 1=—1,0,1,---,n. After the choice 
of a coordinate system and homogeneous coordinates in Pp, a point wy is 
represented by a class of (n + 1)-tuples of numbers not all of which vanish 
(py4, A=1,---,n+1; ps0 variable). The void set P_, is represented 
by the (n+ 1)-tuple (0,0,---,0). 

A collineation (y) is a mapping of the family of subspaces of P, into 
itself which preserves intersection relations, and which is determined by the 
fate of the points (~—y’), expressed by equations of the form 


(1) py’ ; abbr.: py’ = yy 


(the repeated index refers to summation over B—1,---,n-+1). The 
matrices y4z and py4gz represent the same collineation (p0). 


If the square of a collineation y is the identity mapping, then y is 
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called a non-singular involution and coordinates can be choosen such that 
the matrix of y is 


(2) Y= 


| 1 


(1, is the unit matrix of p rows and p columns; zero in the empty places; 
0S¢.pSn+1=—p+q). The points invariant under the involution are 
the points of a P,_, and the points of a P,.,. The involution is called a 
(Pp-1 — Pq-1)-reflection. It is the identity for qg=0 (or p=0). 

A collineation y for which y* transforms any point into P_, is called a 
singular involution. For suitable’ coordinates, 


10 Ir || 
(3) y 2rSn+ 1. 
10 | 
Let yi," * *;¥ms1 be matrices representing involutions in P,, and let 
the same be true for any linear combination -- X*y2 + X™ yma 


= X%y,. Then the set of all these involutions is called a linear family. It 
follows that 


(4) (X*yq)? = (gapX*X*) -1 (Jap = const.; a, B=1,---,m+ 1). 


The involutions of the family are represented by points (X',- - -,X™*") 
in a projective m-dimensional space F?,,. In particular the singular involu- 
tions are represented on the quadric gagX*X8—0. We shall restrict our 
considerations to non-singular families of involutions, those for which this 
quadric is not degenerate. A coordinate transformation in R,, corresponds 
to a change of base for the involutions of the family. For suitable coordinates 
in Ry», we have gag = 0 for a AB and gaa—=1. Then the following form is 
obtained : 


(5) (Xa)? = (XaX*X*) + = 1. 


The space P, assigned with a non-singular linear family of involutions 
L(m+1,n-+1) is called spin space. Any collineation in P, which leaves 
this family of involutions invariant is called a spin transformation. The 
spin transformations form a group Gy. 

The related space R,, is called motion space. A collineation in Ry» 
which leaves the quadric invariant is called a motion. The motions form a 
group Gn. 

It is easily seen that any spin transformation interchanges the involu- 
tions of the family in a way which is determined by a motion in R,, and 


= 
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any motion in #,, can be obtained in this way. Consequently there is a 
homomorphism of G; onto Gm. If this is an isomorphism, then G, is called 
the spin representation of Gm.’ Two non-singular involutions y, y2 are 
called anti-commuting if (a) they belong to some pencil of involutions, and 
(b) they are represented in the related motion space Ff, by points polar with 
respect to the quadric in R,. Conditions (a) and (b) are equivalent to the 


matrix condition 


(6) 


+ = 0. 


The following normal form is obtained with suitable coordinates in P,: 


: | —1 ‘| pencil: X*y, + X*ys. 


This pencil of involutions introduces another pencil in the line which is the 
join of the points (a,- - - ,a;,0,---,0) and (0,- - -,0,a,- -,a@,), where 
2r—n-+1. The set of such lines is called line regulus. Any line of the 
line regulus meets any axis (—P,_,) of the axis regulus consisting of the 
one-parameter set of pointwise invariant spaces of the involutions of the 
pencil. The line and axis regulus cover the same 7r-dimensional manifold 
in P,. If we define an involution of axes on an axis regulus in an obvious 
way, there results the following geometrical description of a pencil of 


involutions: 


THEOREM 1. The pairs of invariant spaces of the involutions of a non- 
singular pencil L(2,n+1) im Py, are the pairs of conjugate axes in an 


involution of axes on an axis regulus (n is odd by necessity). 


Any non-singular linear family of involutions L(m + 1,2+1)(m=21) 
admits, for suitable coordinates in P, and in Ry», the following description 


(compare (5) and (7)): 


* There is a difference between this theory and the theory which is usually called 
spin theory, in which a Euclidean centered space E,»,, occurs instead of R,,, and an 
affine centered space Aj, instead of P,. One first introduces the Euclidean space. 
Much of our theory can be carried over to this theory in an obvious way. We also 
remark that we do not enter into interesting problems which occur under restriction 
of the ground field to that of the real numbers. Cf. references [7, 8, 10, 11, 12, 13, 14, 
19}. 
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The last two terms in (8) determine a pencil. Because Y‘y; represents an 
L(m —1,(n + 1)/2), we now easily obtain, by induction on r, the following 
theorems : 


THEOREM 2a. Non-singular linear families of involutions of the type 
L(s, 2": p),s >2r+1, p odd, do not exist. 


THEOREM 2b. Any two families of the type L(2s,2"-p),s=r, are 
projectively equal. 


THEOREM 2c. The classes of projectively equal families of the type 
L(2s + 1,2": p), sr, are in one-to-one correspondence with the classes of 
projectively equal L(1,2"-*- p) which are involutions in P(2’-*-p—1). The 
classification of involutions follows from (2). 


(8) contains the key for the construction of an L(m-+1,2r) from an 
L(m—1,r). In particular, considering that Z(1,1) is the identity trans- 
formation in described by the one-rowed matrix y; = || 1]|, we 
obtain from (8) a normal expression for 


L(3,2): 


(9) | 
L(5,4), L(2r +1, 2r) 


(cf. [10], pp. 5-6). For the cases (9) it is known that the spin group G, 
is isomorphic to the motion group Gm. 


2. The operation =. Let a spin space be given by a non-singular 
linear family of involutions L(m-+1,n-+1) in Py. To every point ye P, 
we assign a conjugate space Ey, which is the union, and also the join, of all 
images of y under all involutions of L(m+1,n+ 1). This operation = 
is invariant under spin transformations, because so is L(m+1,n-+1). We 
shall examine some of these operations which are determined by (maximal) 
families L(m+1,n+ 1) = L(2r-+ 1, 2”). 

L(3,2), the first interesting case, consists of all involutions in P,, 
except y= 0(9). transforms every point y onto P,. Corresponding to 
every point y in P,, there exists one (singular) involution which transforms 
w onto P_,, and a pencil of involutions which transform y into y. 
Thus points of the spin space (P,) are 1-1 represented by points of the 
invariant quadric (= conic section) in the motion space R2, and also 1-1 by 
the tangents to this quadric. The spin group is obviously the group of all 
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non-singular projective transformations in P,, isomorphic with the motion 
group in 

As to L(5, 4), it is seen from (9) that the images under the involutions 
of L(5,4) of a point with coordinates (a,b,c,d) are the points (2, y, 2, u) 
for which 
(10) dx — au + bz —cy =0. 


Since this is the equation of a null system, we obtain 
THEOREM 3a. The operation = determined by a family of involutions 
L(5,4) in Ps is a null system. 


— 


Any line in P; has a conjugate line with respect to the null system = 
(cf. [%]). The self-conjugate lines form a linear line complex. Two pairs 
of conjugate lines are four lines on a quadric, hence they can be considered 
as the invariant axes of two involutions of a pencil of involutions (Theorem 1). 
The family of involutions the invariant spaces of which are the pairs of 
conjugate lines in the null system, is then a linear family which coincides 
with L(5, 4). 


THEOREM 3b. The pairs of invariant axes of an L(5,4) in Ps are the 
pairs of lines conjugate with respect to a null system & in P3. 


CoroLuary. The spin group with respect to an L(5,4) is the group of 
projective transformations which leave a null system invariant (in P3) ; tt ts 
isomorphic with the group of motions in Rx. 


L(5,4) is a four-dimensional family Ay. = transforms a point into a 
plane. The linearity of involutions as well as of the family then implies the 
following fact: Corresponding to every point ye P3, there exists exactly one 
pencil (#,) of singular involutions in Z(5,4) which transform y into P., 
and also one R, of involutions all of which transform y into y. Hence points 
of spin space P; are 1-1 represented by lines of the three-dimensional invariant 
quadric in motion space Rx, and also 1-1 by planes (R.) which are tangent 
to this quadric along such lines. 


8. The operation = in P;. The complete description of = determined 
by a family L (7,8) in P; will be given as a summary of the following lemmas. 


Lemma 3.1. If we the invariant space of a singular involution of 
L(%,8), then Ey is a P; and We Ey. 
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Proof. We choose coordinates in motion space and in spin space such 
that L(7,8) has the expression (9) and that the given singular involution is 


The invariant space a° of this involution consists of the points (a, b,c, d, 
0,0,0,0) ((ye—ty7)¥=0). The involutions y;, 7 =1,---,5, leave a° 
invariant, and they introduce an L(5,4), X/y;, in a°. Hence if y= (2', 2’, 
x*, z*,0,0,0,0), then =y is the join of a plane which contains y and is 
obtained from the null system introduced by that Z(5,4) in a° (Theorem 3a) 
and the point = (0, 0, 0, 0, a”, 73, 2*); q.e.d. 

The plane just mentioned consists of the points (y', y’, y*, y*, 0, 0, 0, 0) 
for which 
(11) aty! — + — 0 


(cf. (10)). Then is the set of points Ay’, Ay”, Ay®, Ay*, wr", wr”, 
for which (11) holds. This implies the following 


LemMMA 3.2. The union of the points X%yay, w variable in a, is a 
quadric in P;, consisting of the points (y', y*, y*, v7, satisfying 
(11). 

LeMMA 3.3. If ¢ is a point in Qe, then Ed is a Ps and he Ed. 


Proof. is the image under some involution of the family of some point 
y in a°. The 6-dimensional family of involutions transforms y into the 
points of a P;. This implies the existence of an R, and of an R; of involutions 
in the family all of which transform y into P_, and @, respectively. The 
non-singular involutions of the R; also transform ¢ into y, and a suitable 
linear combination of two of these transforms ¢ into P_,. Therefore @ is 
contained in the invariant space of some singular involution of the family, 
hence Lemma 3.1 can be applied. 


LemMa 3.4 (cf. [17], p. 29). Qe in P; contains two families of axes 
(P,’s), aves’ and axes?. The axes of the same (different) family intersect 
ina P3, P, or P_, (a Pz or Po). 


Lemma 3.5. The invariant axes of the involutions of L(7%,8) are axes 
of one family (say axes') in the Q, of Lemma 3. 2. 


Proof. ye—ty; determines with an involution y = X%yq which does 
not anti-commute with ys— ‘ty; a non-singular pencil of involutions (y and 
Ys — ty are in motion space represented by points not polar with respect to 
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the invariant quadric in Rs). We may choose coordinates such that this 
pencil is X°y, +- X*y; and L(7,8) has the expression (9). Among the images 
of the points of a° under the involutions of the family, we find all points of 
the line regulus and axis regulus determined by this pencil of involutions 
(Theorem 1). In particular we find the points of the invariant spaces of y, 
which are therefore contained in Qs. Any involution of the family which does 
anti-commute with y,— ‘ty; is contained in some pencil of involutions all but 
one of which have invariant space, now known to be contained in Qs. Hence 
the invariant axes of any involution of the family are in Qs. The invariant 
axes of the involutions of a non-singular pencil are mutually disjoint and 
therefore (Lemma 3.4) the invariant axes are of one family in Qs. 


LEMMA 3.6. If W# Qe, then Ey is the polar hyperplane of p with respect 
to 


Proof. w is not contained in the invariant space of any singular involu- 
tion of L(7,8). The images of under the involutions y,,- +, yz are then 
seven independent points in P;, the join of which is a Ps. The points y and 
yaW (#=—1,-,0r7) span a line, invariant under ya, in which yq operates 
as an (ordinary) involution. Hence y and yay le harmonic with respect to 
two points in the invariant spaces of ya, that is, in Qs. Hence Lemma 3. 6 


follows. 
Lemma 3.7. If we Qo, then Ey is an axis? in Qe. 


Proof. As in the proof of Lemma 3.3, we find that any point of Ey 
is contained in the invariant space of some singular involution of the family 
and in Qs. Hence Ey is an axis in Qs. For the special choice ye a°, which 
is no restriction for the proof, we see that Zy and the axis’ a° intersect in a 
plane. This and Lemma 3.4 imply that Ey is an axis’. 


The correspondence wy —> Ey, we Qs, can be extended to a 1-1 correspon- 
dence of linear spaces in Q, for which the name null system in Q, will turn 


out to be appropriate. We summarize the lemmas in 


THEOREM 4. The operation ~y— Ey, determined by a family of involu- 
tions L(%,8) in P;, coincides with a polarity with respect to a quadric Qs 
for those points which are not in Qe; it coincides with a null system in Qe 


for those points which are in Qe. 
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4, The null system = in Q,. 


4.1. If are points in Qe, and de Ey, then we Be. 


It follows, that if J is a line in Qe, and if pe lC#y holds for some 
point y, then the same is true of any point of 1. The line J is then self- 
conjugate with respect to the null system =. The family of all self-conjugate 
lines is called a linear line complex in Q¢. Obviously the linear line complex 


in Q. determines the null system. 


THEOREM 5. A null system and a linear complex in a Qo are deter- 
mined by an involution of the axes of an axis regulus in that: Qg. 


The figure consisting of the involution of axes‘ which determines the 
+ in L(7,8) and the quadric Qe (of Section 3) has no 
ps0, ctive invariants. (Any two such figures are projectively equal.) From 
the properties of L(7,8) we now obtain the geometrical construction of the 
null system & and the line complex, and hence the proof of Theorem 5, as 
follows: Fix an involution of axes' in an axis‘ regulus in a Q.. With 
respect to this involution, three kinds of points (Ww) occur in Qe, the con- 
jugate spaces of which under the null system are constructed as follows: 


(a) wy is contained in a double axis' of the axis! involution (say ye the 
invariant space a° of y.—ty;). Then =y is the unique axis? which contains the 
regulus line through y (the join ¥ LU) yew), and which intersects a° in a P» 


U yw U yo U U ya U the join). 


(b) yw is contained in another axis’ of the axis’ regulus (say in ye", 
one of the invariant axes of y,). Then Ey is the unique axis? which contains 
y and intersects the conjugate axis’ (y., the other invariant axis of y.) in a 


(=yW U ye U 


(c) In the remaining case, let m, and mz be two lines which contain y 
and each of which intersects two conjugate axis' of the axes' involution 
U yew; U yw). Then is the unique axis’, which contains the 
plane of these two lines (plane: ¥ LU yew U yx). 

From now on in this section we shall consider a fixed Z(7,8) in the 
normal form (9). X*y.-+ Ay; is the pencil, belonging to the line regulus 
of lines m and to the axis' regulus, both with point set M. It is our aim to 
extend the null system to a transformation (also called null system) which 
operates on all points, lines and axes in Qs. 

Corresponding to any axis”, a*, we construct a “conjugate” point Zaz, 
of which a? is the conjugate. This proves that the mapping y > Ey, we Q., 


f- 
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is a 1-1 mapping of the family of points onto the family of axes? in Q3. 
First suppose that a? intersects one of the axes’, say a', of the axis' regulus, 
in a plane (see Lemma 3.4). Then it intersects the others in points. If y 
is one of these points, not in a1, then a? is the unique axis? which contains y 
and intersects a* in a plane. But then a? intersects the other axes' of the 
axis’ regulus in the points of a regulus line m. And Ha? is the intersection 
point of m and the axis’ which is conjugate in the axis‘ involution to a’, 
in accordance with (a) and (b) above. 

Next, suppose that a? intersects all axes' of the regulus in points, among 
others in the points y, and w. on the regulus lines m, and ms, respectively. 
If m, equals mz, we have the case dealt with above. Otherwise the P;: m, LJ mz 
intersects 1 in a two-dimensional quadric Q. (—<a line regulus), and also 
in the line ¥; (J Ys. This is only possible if m, (J mz is completely contained 
in Qs. It intersects the axes' of the regulus in lines and is therefore itself 
an axis’, say 6%. Then 6? intersects a? among others in the line y, LU 2, hence 
in a plane (Lemma 3.4). This plane intersects Q.=6'!{)M in a conic 
section. The latter is intersected by the axis’ involution in a point involu- 
tion. The joins of corresponding points of this involution are lines of a pencil 
of lines, the center of which is the point Ea’, in accordance with (c). 

So far we proved one part of the next theorem, for the formulation of 
which we need a definition of adjacence: A line and a point are called 
adjacent if they meet. A line and an axis (in Q,) are adjacent if the line 
is contained in the axis. Two other elements of the family of points, lines 
and axes in Q, are adjacent if a third element exists, adjacent with both in 
the sense defined so far. For example, a point and an axis are adjacent if 
the point is in the axis. Two axes’ are adjacent if their intersection is a 
line, ete. 


THEOREM 6. The null system = which operates on points in Qe can be 


€ — 


extended to a “null system,’ =, which operates on points, lines axes and 


axes? in Qe in the following manner: 
1) If wis a point, then BEy = y. 
2) If a? is an axis’, then Za? ts a point and BEa? = a’. 
3) If lis a line, so is l= El, and HEI =I. 
4) If a is an awis', so is G' = Ea’, and =a’. 
5) The null system preserves the relation of adjacence. 


Corottary. There exists a 1-1 rational representation of the axes (say 
axes”) of one family on a Qe, onto the points of Qe, namely, &. 
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Cf. [15]. Intersection with a general P, in P;, which intersects Q.¢ in a ;, 
yields a representation of the planes in a Q; in terms of the points of a Qs. 
Cf. [16], p. 80. 


Proof of Theorem 6. The self-conjugate lines were considered imme- 
diately after Lemma 4.1. Suppose that J is not a self-conjugate line. 
Consider two axes” which contain 1, say a* and b?, with conjugates the points 
y= Fa? and ¢=£b*. If the point xel, then xy Uy and yx LU ¢ are lines 
of the line complex. Hence the same is true of all lines of the pencil deter- 
mined by these two lines. Since x was arbitrary on l, it follows that all lines 
which meet ] and 1 yl ¢ belong to the linear line complex. The relation 
between line complex and null system then implies Theorem 6.3 (and part 
of 6.5). 


Next we consider an axis', a’. Any plane in a’ is contained in exactly 
one axis*. The planes of a‘ which contain a line J are contained in axis” 
the conjugates of which are the points of 1. The planes of at which contain 
at least one edge of a tetrahedron in a’ are therefore contained in axes” the 
conjugates of which are the points of the edges of another tetrahedron in Q,. 
The join of the points of this tetrahedron is an axis in Qs. Hence, by 
linearity, the planes of a’ are contained in axes? the conjugates of which are 
the points of the axis just found. This is not an axis?, hence an axis’; so 
that =a' is the conjugate, a@'. Obviously the conjugates of the lines of a' 
are the lines of a’. The preservation of adjacence can now be checked for 
all cases. 

The construction of the null system shows that the conjugate of an 
axis! of the axis* involution in the axis’ regulus is the conjugate with respect 
to the null system as well as with respect to the axis’ involution. The 
invariant spaces of an involution of the pencil X*°y,-+ X‘y; are conjugate 
axes' of the null system in Qs. Because the operation = does not distinguish 
between the non-singular pencils of involutions of (7,8), the same is true 
of the invariant spaces of any involution in L(7,8). 

The converse can be seen as follows: Every line in Q. which intersects 
two different conjugate axes’ belongs to the linear line complex in Qs, and 
every line of this complex which meets an axis’ also meets its conjugate axis’. 
Taking into consideration Theorem 1, it follows that the family of all involu- 
tions, having as a pair of invariant spaces a pair of (different) conjugate 
axes! suitably extended with singular involutions, is a linear family; the 
latter not only contains the given L(7,8) but coincides with it since it has 


the same dimension. 
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THEOREM 7. The pairs of (possibly identical) invariant spaces of the 
involutions of a linear family L(%,8) in P; are the pairs of axes’ conjugate 
with respect to a null system in a quadric Qe, and vice versa. 


Remarks. Only points in spin space P;(Z(%7,8)) which are in the Q., 
admit an interesting representation in motion space R,, in terms of planes 
in the invariant quadric Q;C R, (cf. the end of Section 2). The spin group 
consists here of all projective transformations in P; which leave quadric and 
null system invariant, isomorphic with the motion group in Rg. 


5. The principle of triality. Consider the family F of linear subspaces, 
of a dimension number different from 2, of a QC P;: the points (symbol 0), 
the lines, the axes’ (symbol 1), and the axes? (symbol 2). The triality 
group & of Q, is by definition the group of 1-1 mappings of F onto itself, 
generated by (1) the group G@ of those collineations in P;, which leave Qs 
and each family of axes in Qz invariant (proper collineations in Qe.) ; (2) one 
collineation in P; which interchanges axes’ and axes’, e.g., a point polar 
hyperplane reflection A in P;; (3) one null system = in @,. All elements 
of & transform lines into lines. , considered as a topological space, has 
the following six components, the elements of which have. the indicated 


activity : 
Component Name of elements Activity 
I: G Proper collineations 0>0,17 

Improper collineations 0-0,122 
III: G2 ‘correlations 1>1,022 
IV: GAZ! “correlations 2 32,021 

itrialities 0>-1>2->0 
VI: GEA *trialities 0c 1<2<0 


The extended triality group in Q. is generated by © and one anti- 
involution in P; which leaves the quadric invariant. If the coefficients of 
the equation which represents Q, are real (as above), then such an anti- 
involution is obtained from the automorphism i—— di of the ground field. 
The anti-involution then consists in the mapping of any point onto the 
pdint with complex conjugate coordinates. This makes obvious the following 
fact (cf. [1,2]): 


THEOREM 8. The transformations of the (extended) triahty group 
preserve the relations of adjacence between points, lines and axes in Qe. 
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This theorem is the expression for a principle of triality analogous to the 
principle of duality (point-hyperplane, etc.) in the geometry of the projec- 
tive space P,. By the principle of triality, theorems on points, lines, and 
axes in Q. can be carried over into other theorems. Consider, for example, 
the following theorem (cf. [18], p. 51): A 1-1 point transformation of Q,, 
which preserves adjacence of points, is a proper or improper collineation or 
anti-collineation of Q, (if Qs is represented by an equation with real coeffi- 
cients, then the “anti” refers to the automorphism i——i). The triality 
principle transforms this theorem into 


THEOREM 9. A 1-1 adjacence-preserving transformation of the axes* in 
a Qe is a proper collineation, a proper anti-collineation, a ‘correlation or an 
anti-'correlation (an example is the null system).? 


Another application of the principle of triality results as follows: Under 
a *correlation the improper collineations in Qs are interchanged with the 
‘correlations; in particular the point-hyperplane reflections of Q,_ (in P;) 
are interchanged with the ‘null systems (like =). The ‘null systems as well 
as the L(7,8)’s with a fixed Q, in P;, are therefore rationally representable 
(1-1) by the points of a P; not in a Q, in that P;. The points of the Q, 
correspond to degenerated null systems. 


6. The operation = in P,;. In this section = will indicate the opera- 
tion which assigns, to every point ye P;5, the linear space which is the join 
of the images of y under the involutions of an L(9,16). The analysis of = 
is analogous to that in preceding cases. Let Z(9,16) have the normal form 
(9). Then X*y,-+ X%y, is the pencil of involutions, the invariant spaces 
of which form the axis regulus (P;’s) with M as point set. M also covers 
the line regulus (Theorem 1). The invariant spaces of ys — tyy and ys + ty» 


2 Remarks: Wei Liang Chow ([18] p. 55) proved that an adjacence-preserving 1-1 
mapping of the axes (P,) of one family in a quadric Q,, is a collineation or an anti- 
collineation if r > 3. He drew my attention to the interesting exceptional case r = 3, 
of which Theorem 9 gives a specific description. 

The principle of triality originates from E, Study [6]. In his work he gives an 
interesting interpretation of the principle of triality in terms of point pairs, proper 
motions and improper motions in an elliptic three-dimensional space. 

Many applications of the principle are found in the book of Weiss ([16], p. 154 ff.). 

E. Cartan [7] arrived at the principle of triality in group theory. Considering Lie 
groups and their-automorphisms, he has shown that the group G* of collineations and 
anti-collineations in Q, is exceptional. All its automorphisms are obtained from the 
inner automorphisms (¢>5--.9.6) of the extended triality group. The factor group of 
the group of automorphisms over the group of inner automorphisms of G* is of order 6. 
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are a° and b°, respectively. X*y,, 1—=1,---,7, introduces an Z(7,8) in 
the P; a®°. The invariant spaces of these involutions in a® lie in the Q¢ of 
points 2°, x*, a*, y®, y*,0,- - -,0) obeying (11) of Section 3. 

If (z',- - y*,0,---,0) is in a® but not in Qe, then Ey is a 
which does not contain y and which is the join of the polar-P, of y with 
respect to the in a°, and the point ya) (0,-- -,0,2',-- -, y*) 
in 6°. For y variable (in a° but not in Q.), the spaces =y cover the set of 
points (ut, u?, at y*) 


(12) + uty? — — utyt + + — — uty? = 0, 
(13) — + — 40 


(cf. (11)). Any point of this set is contained in the invariant space of some 
singular involution of L(9,16) (cf. the end of Section 2). Conversely, if 
there is given in the family some singular involution which does not anti- 
commute with ys — iy, then its invariant space is contained in the Q,,4 of (12). 
This is seen from the example ys -+ ty. The locus of points contained in 
the invariant space of some singular involution of Z(9,16) is an algebraic 
manifold, hence it is (12). If two singular involutions do not anti-commute, 
then they are two involutions of a non-singular pencil, and their invariant 
spaces are disjoint (cf. the representing points in motion space Rs). In 
consequence of the generalization of Lemma 3.4, these invariant spaces are 
axes of one family in the Qi4, (12). Hence the invariant axes of the singular 
involutions of (9,16) are (say) axes’ in Qy4. 

If y is in a° but not in Q¢ (in a°), then Ey is a P; in Q,4 and intersects 
a° ina P,. Then Ey is an axis? of Qi4. The same is true of any point 
veQ,, for which Ey is a P;. All these points lie in the invariant space of 
exactly one singular involution of the family. Because y# Zy, these points 
are not contained in the invariant space of any non-singular involution of 
L(9, 16). 

Because every point in Q,4 lies in the invariant space of some singular 
involution, all kinds of points can be found in a®. So we still have to 
consider the points in the Q, in a°. If ¢ is such a point, then Z¢ is the P, 
spanned by the P;:¢ U U- U and the point ys¢ in 6°. The locus 
of all points like # in Q,, has at the point ys a tangent space, which contains 
the P, just mentioned and also tangent P, to the Q, in 6°. This locus is 
therefore of dimension = 10. It is the intersection of the cone-like manifolds 
C14,2 which are constructed as follows: Take any two not anti-commuting 


3T. G. Room has pointed out that this locus is an intersection of quadratic hyper- 


surfaces C,,. 
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singular involutions of L(9,16), e. g., ys —tyo and ys ty» with invariant 


spaces a° and b°. The locus of the joins of one point in b° and one point in the 
invariant Qe, in a° is a Cy, as required: 


( vt, gis y*) aty? ay? — — (). 
The intersection of all C,,’s is easily seen to be of dimension = 10, hence of 
dimension 10. We call it 

The algebraic manifold which consists of all points of P,; contained in 
the invariant space of some involution of L(9,16), contains Q,, but also the 
axis regulus of X*y, +- X°y9._ This locus is therefore of dimension > 14, and 
must be P,; itself. 

Apart from some details we have now proved 


THEOREM 10. A non-singular family of involutions L = L(9,16) in 
P,; determines an invariant quadric and an invariant manifold 
which is an intersection of cones C,,. Every invariant axis of every involution 
of L meets Ty) ina Qe. Every point & in Py5, but not in Ty, is contained 
in an invariant axis of exactly one involution of L, which is singular (non- 
singular) if w is contained (not contained) in Q,s. The invariant axes of 
the singular involutions of L are axes of one family in Q 4 (say axes’). 

The operation = determined by (9,16) is as follows: (1) If w# Qu, 
then Ey is a Ps which contains w and intersects Ty) ina Qe. (2) If we Qis, 
Wé Tx, then Ey is an axis? in Qi, which does not contain y and intersects To 
inaQs. (3) If peT i, then Ey is a Py in Tyo, and we =y. 


Concerning the general case of an operation = determined by a linear 
family of involutions L(2r-+ 1,2") in Ps,., we only mention the following 
property: Let y be a point in this space and let r—A(w) be the maximal 
number of linearly independent, singular involutions of the family with 
invariant spaces which contain y. Then either AO or 3SASr. If 
A=0,4, then pe Ey. If A=3, then yZ#Ey. Otherwise both cases may 
occur. If A= 0, then the point y in spin space is represented (1-1) by an 
in motion space Ro,. 

O. Veblen and W. Givens [10] has shown that an L(2r-+ 1, 2”) deter- 
mines an invariant involutory correlation C, which is a polarity in a quadric 
if r= 0,3(mod 4) and a null system (in the ordinary sense) if r=1, 2 
(mod 4). If 1,2, then coincides with our operation =. If r=3,4, 
then C is the polarity with respect to the invariant quadric (Qe, Qis) which 
we mentioned. If r= 3, then C coincides nearly with =. For r= 4, C and 
= are no longer related in such a simple way. 
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7. Kummer configurations. It was suggested by T. G. Room that 
there might exist connections between the subject of this paper and the 
configuration Cf(16,) of Kummer [1, 3,4], generalized by Wirtinger [2], 
Barrau [5] and Room [9]. We shall show that such connections exist, and 
that the operation = reveals some new aspects of those configurations. 

The basic figure is a set of 2r + 1 anti-commuting involutions y,°- -, 
yore: in P and the invariant involutory correlation C in Py, (cf. above). 
The involutions are the base of a linear family L(2r+ 1,2”) which again 
determines an operation =. The involutions y:,- -, and the correlation 
( generate a group F consisting of 2?" involutions and 2?” involutoric correla- 
tions of which (2”—1)2*- are null systems and (2" + are polarities 
in quadrics (cf. [5]). The images of one point y in P,r_, under F are 2" 
points and 2” hyperplanes, between which strong incidence relations hold. 
Every hyperplane of the set contains (at least) (2”—1)2** points of the 
set. and every point is contained in (at least) equally many hyperplanes of 
the set (because F contains that same number of null systems). 

If w is specially chosen in one of the quadratic hypersurfaces, then the 
tangent hyperplane at y to this hypersurface belongs to the set of points 
and hyperplanes, and it contains in this case at least (2” —1)2"* + 1 points. 
F operates transitively on the set of points and hyperplanes, and F' preserves 
incidence relations, hence the same (the dual) is then true of all hyperplanes 
(points) of the set. 

In P; we obtain in this way (choice of y not special) the configuration 
of Kummer [9, 11,13], consisting of 16 points and 16 planes. Each plane 
contains 6 points and each point is contained in 6 planes. This situation is 
obvious from our considerations, since if ye P;, then y, ys lie in 
the plane Ey. 

A special configuration is obtained if y lies on a line which inter- 
sects the invariant axes (—lines) of (say) y: and y2 Then the poirts 
W. vit. yow. yryoW lie on one line, and all 16 points lie on a set of four lines. 

In P; we obtain the configuration of Barrau. If y:,° + -+,y; are con- 
structed as in (9) of Section 1, then the points will have the same coordinates 
as those obtained from the device of Barrau. The configuration Cf(642.) 
consists of 64 points and 64 hyperplanes in P;, each of which is incident 
with (at least) 28 of the other kind. The 36 polarities in F determine 
36 Q,’s in P;. The Qe determined by L(7,8) is a representative of these. 
Suppose now that we choose the point y in this Q.. The involutions 

-,y;, and all other involutions of F, transform y into the Q,; so tha! 


Yu 
‘yr are contained in the axis' Ey in Q, (Section 8). 
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Because F operates transitively on the set of points and hyperplanes, the 
following theorem holds: 


THEOREM 11. If yw is contained in the invariant Q, of one of the 36 
polarities, elements of the group F of correlations and involutions generated 
by 7% anti-commuting involutions and the related invariant polarity in P,, 
then the images of y under F form a configuration Cf (64, 29, 8). 


This configuration consists of 64 points, 64 hyperplanes and 64 solids 
(P;’s). Every hyperplane contains (at least) 29 points and (at least) 
8 solids. Every point is contained in (at least) 29 hyperplanes and 8 solids. 
Every solid contains (at least) 8 points and is contained in (at least) 
8 hyperplanes. 

Room obtained this configuration in a different way [9]. Theorem 11 
could also be stated as follows: The configuration of Barrau, which is special 
in the sense indicated above, has all incidence properties known of the con- 
figuration of Room. 

In the generalization to higher dimensions, the operation = determined 
by a linear family of involutions L(2r + 1, 2") distinguishes between different 
kinds of points y, and this distinction carries with itself a distinction between 
different kinds of more or less specialized generalized Kummer configurations. 


THE INSTITUTE FOR ADVANCED STUDY, 


PRINCETON, N. J. 
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ON THE EXISTENCE OF LAPLACE SOLUTIONS FOR LINEAR 
DIFFERENTIAL EQUATIONS OF SECOND ORDER.* 


By AvuREL WINTNER. 


1. Let a(t), where 
(1) 


be a (possibly complex-valued) function of finite total variation 


(2) [a]—f | da(t)|, 
1 
and let f(s), where 
(3) 0=s<o, 
denote the function 
(4) f(s) -f e*tda(t), where [a] <o. 
The latter will be chosen to be the coefficient function of the differential 
equation 
(5) + f(s)e—=0, ("= d/as), 


about which the following theorem will be proved: 


(i) If f(s) ts representable, on the half-line (3), in the form (4), 
then (5) has a solution x(s) 40 representable, on the same half-line, in 
the form 


(6) x(s) = const. +f e*tdB(t), where [B] <0, 
1 

with the const. as an arbitrary “initial value” x( 0), 

(7) x(s) const. as 


where const. =0 only when x(s) =0. 
In some respect, (i) is related to a theorem proved in [2] for systems of 
first order, say 


(8) ta’ 3 f(s) 
k=1 


* Received July 3, 1949. 
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where every fix(s) is of the form (5). But (5) presents an entirely different 
problem. In fact, if (5) is written in the form (8), as 


(8 bis) =0-r+1-y, 


(a—=a, *x—y; n=2), then the condition imposed on the n? coefficient 
function fix(s) of (8) is not satisfied by f,2(s) =1, since the latter function 
results by choosing a(t) =sgnt but replacing (1) by OSt¢<oo in (4). 
Trivial examples show, however, that the results of [2] cannot apply if the 
range of integration reaches down to ¢ = 0. 

Actually, even the assertion of the theorem on (8) becomes quite different. 
In fact, the result of [2] is that the components ‘x(s) of every solution of 
(8) are of the form (6), whereas (i*) below will show that such is never 
the case for (5). Thus the assertion of (i) is closer to the result of [1] 
than to that of [2]. In fact, [1] deals with (5), but it assumes that 
da(t) =0 in (4), whilst it allows that (1) in (4) be replaced by OS t Com. 


2. The fact referred to above is as follows: 


(i*) Under the assumptions of (i), the solution supplied by (i) 1s 
unique to a constant factor. 


In other words, (5) cannot have two, linearly independent, solutions of 
the form (6). This can be seen as follows: It is clear from (6) that 
a(s) == O(1) and a’(s) =0(1), ass—>oo. Hence, if r—u(s) and =v(s) 
are two solutions of the form (6), then their Wronskian, u(s)v’(s) — v(s)w’(s), 
is 0(1). But the Wronskian of two linearly independent solutions of (5) 
is a non-vanishing constant and cannot, therefore, be 0(1). This proves (i*). 

If f(s) is of the form (4), let S(a), the “spectrum” of , be defined 


‘as the set of those ¢-values which are points of non-constancy of the function 


a(t). Let S*(a) denote the closure of the set of those ¢-values which are 
representable in the form mt,+----+ mmtm, where m and 
denote positive integers and ¢,,- - -,¢tm are points of S(«). Then the assertion 
of (i) can be completed as follows: 


(ibis) Under the assumptions of (i), (i*), the spectrum 8(8) defined 
by (6) ts contained in the set S*(a). 


This will be clear from the proof of (i) below, if recourse is had to the 
“addition rule of spectra” 


in case of convolutions. 


AUREL WINTNER. 


8. The proof of (i) depends on a process of successive approximations. 
Formally, the successive approximations, %(S),° to the solu- 
tion in question can be introduced as follows: 


where 0<s <0 and 

(10) ao(s) =0. 

If 

(11) (8) =1+ ym(8), 


m=1 


then (9) and (10) are equivalent to 


(12) nals) = OF 


where 
(13) Yo(s) = 1. 


It will first be shown that this recursion rule leads to a representation 


(14) yn(s) — (n> 0), 


1 


where yn(¢) is a function satisfying [yn] <0, if the bracket is defined by (2). 
According to (13) and the case n 0 of (12), 


(15) ni(s)—= 


If f is substituted from (4) into (15), and if the order of resulting integra- 
tions is interchanged (which, in view of [a] <oo, is legitimate, by absolute 
convergence), then it is seen from the identity 


(16) f (s—t)e-™dt = — e“*/u*, where 0 u<a, 
8 


that (15) can be written as y,(s) -—f e-*tt-*da(t). Hence, (14) holds 


i 
for n= 1, with 
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dy,(t) = — t-*da(t). 
In order to carry out the induction from n to n+ 1, suppose that (14) 
holds for a fixed n and for some yn(t) satisfying [yn] <0. Then, by (4), 


(18) = yn) (t), 


1 
where the asterisk denotes the operation of convolution, that is, 


t 


(t) = #2) (2), 


1 


if [A] <oo and [uv] <o. But if fy, is substituted from (18) into (12), 
and if (16) is then used in the same way as above, it is seen that 


Ynu(s) =— f e-8tt-2d (a * yn) (t). 


1 
Accordingly, n in (14) can be replaced by n+1 if ynii(t) is defined, 
corresponding to (17), by 


(19) (t) = — (a * yn) (t). 


This completes the induction. 


4. Needless to say, yn can be left undetermined at its points of discon- 
tinuity and to an additive constant, since [yn] <0o. For instance, it can be 


assumed that 


(20) yn(1) =0, and yn(t—0) = ya(t) if l<t<co. 


It turns out that y,(¢) is independent of ¢ if 1=¢<n or, in view of 
the first of the relations (20), that 


(21) ya(t) =0 if 1S=t <n, where n>1; y:(1) =0. 


This follows from (17) and (19), where 1=¢<o, by an induction from 
nto n-+ 1, if use is made of the “addition rule of spectra.” In fact, this 
induction is exacthy the same as that given in [2], pp. 335-336, and will 


therefore be omitted. 
On the other hand, it is readily seen from the definitions of the symbols 


s 
ns, 
lu- 
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[ ], * that [A*y] [A][~]. It follows therefore from (19) and (21) 
that [ynu] S (n+1)[a][yn]. This recursive inequality, when applied to 
m=1,2,- --, clearly implies that [yn] —O(a"/n!?) as where a 
is independent of n. In particular 


(22) [yn] 


n=1 


It is clear from (22) and from the first of the relations (20) that the 
series 


(23) B(t) —Zyn(t), where 1St <a, 


defines a function satisfying B(1) —0 and [8B] <oo. It is also seen that 
the function (23) is such as to satisfy, for 0s <0, the limit relation 


estdy»(t) > f e*'dB(t), as no. 
1 


m=1 
1 


In view of (14) and (11), this means that 


if z(s) is defined by 


(25) o(s) =1+ e*'ag(t) ([8] <). 


Finally, it is readily seen from (22), (23) and (4) that the limit process 
(24) can be carried out beneath the integral sign on the right of (9). This 
means that the function (25) is a solution of the integral equation 


(26) f (s—t)f(t)a(t)dt; 0=s<o. 


Two differentiations of (26) show that the function z(s) is a solution 
of (5). In addition, it is clear from (25) that z(s) satisfies the case 
const. 1 of (7), (6). Since a solution of (5) can be multiplied by an 
arbitrary constant, it follows that, in order to complete the proof of (i), 
only the last assertion of (i), that following (7), remains. to be ascertained. 
But the truth of this assertion is contained in the uniqueness statement of 
(i*), which was verified above. 
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5. Nothing is changed in the above proofs if the half-line (3) is replaced 
by the half-plane o= 0, where s =o tt, —o<t<o. In particular, if 
the claims of (i), (i*), (ibis) are applied on the boundary of the half-plane 
o = 0, there results the following theorem : 


(ii) Let a continuous f(t), where —o<t<o, be a function repre- 


sentable in the form 


(27) f(t) -f e''8da(s), where f | da(s)| <0. 
1 1 
Then, corresponding to every constant c, the differential equation 
(28) a’ +f(t)e=—0 (’ = d/dt) 
has, for —o<t<o, a unique solution of the form | 
(29) z(t) =c e''8dB(s), where f | dB(s)| <<. 
1 


The spectrum S(B) ts contained in the set S*(a). 


Obviously, the lower limit, 1, of the integrations (27), (29) can be 


replaced by any positive number. 
Of particular interest is the case in which the function @ is a step- 


function. Then (ii) leads to the following theorem: 


(iii) Let f(t) be a uniformly almost-periodic function of the form 


(30) f(t) ~ 3 a,e*, where A, > const. > 0, 
n=1 
and suppose that 


(31) | <0. 
n=1 


Then the differential equation (28) has a uniformly almost-periodic solution 
of the form 


(32) x(t) ~o+ 3 (un > const. > 0), 
n=1 


where every exponent p, is a linear combination, with positive integral 
coefficients, of the exponents An, and 


(33) S| bn | 


n=1 
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Furthermore, the assignment of an arbitrary mean-value 


© 


c= lim (v—u)" f x(t)dt 


@ e 
u 


as an integration constant determines the solution (32) uniquely. 


6. In view of the uniqueness theorem expressed by (i*); and of the 
corresponding assertion of (ii), there arises the question as to the form of 
another (linearly independent) solution or, equivalently, of the general solu- 
tion of the differential equations (5), (28) under the respective assumptions 
of (i), (ii). It will be sufficient to develop the answer to this question for 
the case of (i), since it then follows by the above device, s = it, for the cases 
of (ii) and (iii). In the case of (i), the theorem is as follows: 


(1) Jf f(s) ts representable, on the half-line (3), in the form (4), 
then the general solution of (5) is x(s) = + C2%2(s), where ¢,, ¢2 
are arbitrary constants, and x,(s), %2(s) solutions representable, on the half- 
line (3), as 


(34) 2,(s) =1+ e*tdB(t); [B] <o, and =se,(s) + y(s), 


respectively, where y(s) is a function of the form 


(35) y(s) = e~stdy(t) [y] 


a 


1 


First, z,(s) in (34) is the solution (25), supplied by (i). On the other 
hand, substitution of z2(s) from (34) into (5) gives 


(36) y” + f(s)y=g9(s), 
where 

(37) g(s) = — 2ay'(s), 
since 

(38) = —f(s)2,(s), 


by (5). Hence, in order to prove (I), it is sufficient to show that the inhomo- 
geneous differential equation (36) has, in the case (37), a solution of the 


1 
| 


Tr 
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form (35). In fact, since the definite integrals occurring in (34) and (35) 
tend to 0 as s—>oo, it is clear from (34) that x,(s) 1 but | z.(s)| 0, 
which assures that x.(s) is linearly independent of z,(s). 

In order to prove for (36) the existence of a solution (35), use will be 
made of the fact that the function (37) is representable in the form 


(39) (s) estdp(t) ; <0. 


This can be verified as follows: 


By (4) and the first of the relations (35), 


f(s)a,(s) estda(t) +f 


1 


On the other hand, from (38) and the first of the relations (35), 


f estt?dB(t) = — f(s)a,(s). 


Consequently, = — da(t) — da*B(t). In view of [a*B] [«][A], 
where [a] and this implies, by (1), that 

f t? | dB(t)| <0; in particular, f | tdB(t)| <0. 

1 = 


It follow therefore from (37) and from the first of the relations (34) that 
(39) is satisfied by dp(t) — 2tdB(t). 
Accordingly, more than what is needed for (I) is contained in the 


icllswing theorem: 


(11) Jf f(s), 9(s) are functions representable, on the half-line (3), 
as integrals of the form (4), (39), then the inhomogeneous differential 
equation (36) has, on the same half-line, a solution of the form (35). 


The proof of (II) proceeds again by successive approximations, except 
that (9) must be replaced by 


+f (s—t)f(t)yn(t)dt, where n(s)— f 


1 
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and (10) by yo(s) =0 or y:(s) =h(s). Due to the assumption (34), the 
induction from n to n+ 1 and the limit process n—»« can then be carried 
out in exactly the same way as in the proof of (i), and will not therefore 
be repeated. 

Clearly, both (I) and (II) can be replaced by the theorems which 
relate to (I) and (II) in the same way as either (ii) or (iii) related to (i). 


THE JoHNS HOPKINS UNIVERSITY. 
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ISOMORPHIC GROUPS OF LINEAR TRANSFORMATIONS.* + 


By C. E. Rickart. 


Introduction. Consider a system {X, D,X*:%} of the following type: 
X, X* are dual [3, p. 15] (right and left respectively) linear vector spaces 
over the division ring D (not of characteristic 2) with the dimension of ¥ 
over D greater than two; § is a family of linear transformations on X to X 
each of which possesses an adjoint on X* [3, p. 16]; & is a group under the 
“circle operation” AoB=A-+ B—AB; § contains all one-dimensional 
involutions which possess adjoints. Denote by {2), €, 9*:%} a second such 
system and assume that 9 and & are isomorphic as groups. In this situation, 
two principal results are obtained. The first states that one of the following 
pairs of linear space isomorphisms must hold: (i) X~Y and X* ~Y* or 
(ii) X~Y* and X*~Y). The second states that the group isomorphism is 
essentially generated by the correspondiig linear space isomorphism. 

G. Mackey [5, p. 251] has obtained the first result for the special case 
in which X, 9) are infinite dimensional normed linear spaces over the real 
numbers; X*, 9)* are the conjugate spaces of X, % respectively and 9, #& 
are the (multiplicative) groups of all linear transformations on %, 9 
respectively which are continuous and possess continuous inverses. Our proof 
is based on an extension of methods used by Mackey. The second result 
reduces essentially to a result of Dieudonné [1, Théoréme 1] in the finite 
dimensional case. The finite dimensional case over a field has also been 
treated by Schreier and van der Waerden [6, p. 305]. 

In Section 1 are collected a few observations on dual spaces and involu- 
tions. Involutions are studied in detail in Sections 2, 3. The first result 
mentioned above is proved in Section 4 and the second is proved in Section 5. 

The groups studied here reduce essentially to full linear groups in the 
finite dimensional case. In a subsequent paper we will carry out a similar 
investigation for groups which reduce in finite dimensions to unitary, ortho- 
gonal or symplectic groups. 

We take this opportunity to acknowledge our indebtedness to N. Jacobson 
for a number of suggestions which led to substantial improvement of our 


* Received August 26, 1949. 
1 Prepared in part under the sponsorship of the Office of Naval Research. Presented 
to the American Mathematical Society, September, 1948 and September, 1949. 
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results. In particular, a suggestion of his enabled us to complete the proof 
of Theorem 5. 1. 


1. Dual linear vector spaces. Involutions. Let X denote a linear 
vector space over a division ring D. The space X is called a right (left) 
D-space if the scalar multiplication is written on the right (left). A right 
D-space X is said to be isomorphic to a right (left) €-space 9) provided there 


’ exists a one-to-one addition-preserving correspondence x<>y between X and 


Y) and an isomorphism (anti-isomorphism) «<> between D and € such 
that ra <> yB (xa< By). A similar definition holds with “right ” and “left ” 
interchanged. 

Let ¥ and X* be right and left D-spaces respectively. Then X and 
X* are said to be dual [3, p. 15] provided there exists a function (x*, 7) on 
x* X to D with the following properties: (1) x) —0 for every X* 
(ceX) implies (a* =—0), (2) + yp) = (2*,2)X+ 
and (Az* + py*,r) + y(y*,x) for arbitrary Awe D, x, yeX 
and 2*, y* X*. 

Consider a subset SC X (SC X*) and define S+ as the set of all 2* e X* 
(xeX) such that —0 for every re (a*e 8). If the set is finite, 
then the set <* + S+ (2+ S+) is called a neighborhood of z* eX* (xeX). 
Under these neighborhood systems, X* and X become TJ',-spaces [3, p. 16]. 
If S consists of only one non-zero element, then S*+ is a maximal linear 
subspace of X* (or X). Let +, be arbitrary 
linearly independent elements; then there exist elements 27*,,- - © X* 
eX) such that (x*;,2;) = 8; [8, p. 16]. 

Let A be a linear transformation on X to X. A linear transformation 
A* on X* to X* is said to be adjoint to A provided (2*, 7A) = (x*A*, x) for 
all re X and «*eX*. Whenever A* exists it is unique, and a necessary and 
sufficient condition for the existence of A* is that A be continuous in the 
T,-topology defined above [3, p. 17]. The linear transformation A is 
said to be finite dimensional provided its range XA is finite dimensional. 
Every continuous finite dimensional linear transformation A has the form 
cA = a;(a*;,2), where a;e X and a*;e X* are fixed and n is the dimension 


of XA. Conversely, every finite dimensional transformation of this form is 
n 

continuous and z*A* = > (2*, a;)a*; defines its adjoint [3, p. 17]. 
4=1 


In addition to the usual operations of addition and multiplication for 
linear transformations on a linear space, we also consider the circle operation 


AoB—A-+ B—AB [4, p. 153; 2, p. 455]. This operation is associative 


i=1 
a 


roof 
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and has the identically zero transformation as an identity. The family of 
all continuous linear transformations on X which have continuous inverses 
relative to the circle operation constitute a group under this operation. More- 
over, under the correspondence A <> J — A, this group is isomorphic to the 
multiplicative group of all continuous linear transformations which have 
continuous inverses relative to ordinary multiplication. The inverse of a 
linear transformation A relative to the circle operation will be denoted by A°. 
A linear transformation T' is called an involution (relative to the circle 
operation) provided =0 or, equivalently, T*— Observe that the 
adjoint of an involution is also an involution. For what follows, it is 
necessary to require the characteristic of D to be different from 2. 


1.1 THrorEM. For each involution T on X there exists a unique decom- 
position, X= M+ MN, MEM (0), of X such that = a2 for xe M and 
aT =0 for reN. If T* exists, then the analogous decomposition of X* 
associated with T* is X* =N+ + Mi. 


Define E — 7} and observe that H? = £; that is, FE is a projection on 
X. It is evident that the desired decomposition of X is given by M&—=2XE 
and N= If T* exists, then so also does in fact — 
Since «*#* — 0 if, and only if, (2*,x#) =0 for every xe X, it follows that 
a*E* —0 is equivalent to M+. Also, since c*£* if, and only if, 
for every eX, it follows that is equivalent to 
a*e N+. This completes the proof. 

The subspaces Mt, MN associated with T by Theorem 1.1 are called the 
subspaces of T. The involution is said to be minimal provided Yt is one- 
dimensional and mazimal provided 9 is one-dimensional. In either case, 
it is said to be extremal. Observe that the operation To J2 interchanges the 
subspaces of 7. Thus, if 7’ is minimal (maximal), then To /2 is maximal 
(minimal). If 7,, T, are two involutions with the same subspaces, then 
either 7, or = T,012. 

The following lemma is an easy consequence of the definition of involu- 
tion and the representation of continuous finite dimensional transformations 
mentioned above. 

1.2. Lemma. Let T be a continuous involution on X. Then T is 
minimal if, and only if, it is of the form = 12(t*, x) and is maximal tf, 
and only if, it is of the form cT = «2 — t2(t*, x), where te X and t* X* 
are fixed such that (t*,t) =1. 


Throughout the remainder of this paper, X and X* will be dual D-spaces 
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where the characteristic of D is different from 2 and dim(X) = 3. Also § 
will be a family of continuous linear transformations on X which is a group 
under the circle operation and which contains all continuous minimal involu- 
tions. The family 9* of adjoints of elements of § is also a group under the 
circle operation. Moreover, the groups § and §* are anti-isomorphic under 
the natural correspondence A<>A*. A system of the type described here 
will be denoted by {%, D, X*: G}. 


2. Intersection properties of extremal involutions. Consider the sys- 
tem {%,€,¥*:%} and denote by & the set of all involutions in 9. The 
objective of this section is to obtain, in terms only of the group operation 
in %, a necessary and sufficient condition that two non-commutative extremal 
involutions in & shall have a subspace in common. 

Let 3 be an arbitrary subset of & and denote by c(d) the set of all 
Te& such that ToS=SoT for every Se 3d. Observe that c(d) can also 
be defined as the set of all Te & such that TS = ST for every Se d, since 
TS = ST is equivalent to ToS 


2.1. Lemma. Let T be an involution with subspaces M, MN and let A 
be an arbitrary linear transformation on X. Then ToA=AoT if, and 
only if, MA CM and NA CMR. 


The necessity of the condition is trivial. Therefore assume YiA C Mi, 
NA CMR and, for arbitrary re X, write m-+n where me M and neM. 
Then =—mA2. Also, since mAceM and cAT mAT 4+ nAT 
= mA2. Therefore TA —AT and hence 


2.2 Lemma. Let T; be involutions with subspaces Ni (i = 1, 2). 
A sufficient condition for T,°T,.—T.°T, is that either Mt, CM. and 
N, CR, or M, CR, and MM. CN,. If T, is minimal, then the condition 
is also necessary. 


Assume first that Mt, and M,C M,. Obviously C Mh. 
Moreover, let n,e 9, and write no, where Mt, and nz e Mo. 
Since nz e9t,, we have m.7', Therefore, n,7.7, = m.2T,—0, so that 
In other words That now follows 
from Lemma 2.1. Sufficiency of the second condition is proved similarly. 
Now let 7,°T,—T,°T, and assume 7, minimal. By Lemma 2. 1, 
C M,. Therefore, since Y?, is one-dimensional, if w is a non-zero 
element of then where Ae D. Since T,? T,2, this implies 
either A= 2 and Mt, CM. or A—0 and M, Suppose Pi, C and 
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let m2 be an arbitrary element of Write where m,e 
and n,e Then 0 = = = m,2T, = Therefore m, 0 
and hence 9. C M,. A similar proof holds in the case Pt, C No. 


2.3 Corottary. Jf T,, T. are both minimal and commute, then either 
T,=T, or T,T, =.0. 


2.4 Lemma. Let T; be non-commutative minimal involutions in & 
with subspaces Mii, Wi (i= 1,2). A necessary and sufficient condition for T 
to belong to c(T,,T.) is that one subspace of T contain MW, + Wt, and the 
other be contained in N, 1 Ne. 


The sufficiency is immediate from the first part of Lemma 2.2. On the 
other hand, if 7’ ec(T:, T.) and has subspaces Mt, MN, then by the second part 
of Lemma 2. 2, either M; CM and NCR; or M; CMR and MCR; for 
t= 1,2. We have only to show that the same case occurs for both 1 = 1, 2. 
Therefore suppose Mt, CM, NCNM, M. CR and MCR. But this im- 
plies Dt, C RN, and Mt, C Mt, so that T,, T, commute, contrary to hypothesis. 


2.5 Lemma. Let T,, T. be non-commutative extremal involutions in &. 
A sufficient condition for T ec(c(T,, Tz)) is that one subspace of T be con- 
tained in the union of the one-dimensional subspaces of T,, Tz and the other 
contain the intersection of their non-one-dimensional subspaces. The condition 
is also necessary if dim(X) > 3 or if dim(X) = 3 and T,, T, have a common 


subspace. 


Observe that there is no loss in assuming the 7; to be minimal with 
subspaces (t= 1,2). Let Te satisfy the given condition and 
consider an arbitrary T’ec(T:,T2). By Lemma 2.4, one subspace of 7” 
contains Nt, + Mt. and the other is contained in MN, [] N.. That T commutes 
with 7” and is therefore in c(c(T;, T2)) follows by Lemma 2.1. This proves 
the sufficiency. 

Now assume dim (X) >8 and observe that, sinve 9, and Yt, are 
maximal, dim(%, =2. Moreover, since dim(M, + Mt.) and 
M, + M. cannot be contained in MN, MN., the set of elements of 
which are not in 9, + Mt, is non-vacuous. Also, if ze 9, then 20 and 
(M+ CP. It follows immediately that the linear 
subspace generated by must equal Now take Tec(c(T:, 
and let Qt, Yt be its subspaces. Also let y, z be arbitrary elements of X 
such that + and Since Mt,, Mt, are one-dimensional and 
y,z2M, + M., there exists z2*eX* such that (2*, Mt + Vi.) — (0), 
(z*,z) =1, (z*,y) #0. Define Z by al, = 22(2*, 2). Then, by Lemma 
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2.4, Zec(T,,T2) so that Z and T commute. By Lemma 2. 2, one subspace 
of T must contain z and (z*,x) must vanish for x in the other subspace, 
which must therefore exclude y. Holding z fixed in $ and allowing y to 
vary over elements of X not in Mi, + Mt., we conclude that one subspace of 
T is contained in Mt,-+ WMt.. On the other hand, by varying z over B, we 
see that the other subspace of 7 must contain $% and hence QM, 1 Ne, by 
linearity. This completes the proof of the necessity for the case dim(X) > 3. 
If dim(X) = 3, then it can happen that the set % is vacuous. In this 
case c(7T,,T.) contains only 0 and 72 so that c(c(T,, T:)) = & and the 
necessity obviously fails. On the other hand, if % is not vacuous, the above 
proof of the necessity goes through. In particular, if 7’, and T, have a 
common subspace, then $$ cannot be vacuous. This completes the proof. 


2.6 THeoreM. Let T,, be arbitrary non-commutative extremal 
involutions in & Then a necessary and sufficient condition for T,, T. to 
have a subspace in common is that c(c(Ui,U2)) = T2)) for every 
pair of non-commutative extremal involutions U,, U,e¢(¢(T), T2)). 


There is no loss in assuming 7’; to be minimal with subspaces Mt, Jt; and 
written in the form 27; = (t*%:,t) =1 (t—1,2). Note that 
T,, T: will have a common subspace if, and only if, the elements in one, and 
only one, of the pairs ¢,, t, and ¢*,, ¢*, are linearly dependent. 


Assume first that T,, T, do not have a subspace in common. Define 
= t, + t.—te(t*o, t,) ; then u,, are linearly independent and (¢*., 
=1. Now define U, by = u,2(t*2,2) and take U.=T,. If Mi, Ni 
are the subspaces of Ui, then and W;— MN. DN, Nz 
(t—=1,2). Hence, by Lemma 2.5, Ujec(c(T:,T2)) (¢=1,2). However, 
since 2; = and Ni ~ Mz, Lemma 2.5 also gives T, c(c(U,, U2)). 
Since T, e c(c(T;, T:)), this proves the sufficiency. 


Now assume that 7,, have a common subspace, say Then 
t,, t2 are linearly independent. Let U,, Us be any pair of non-commutative 
minimal involutions in c(c(7T:,T2)) and let uj2(u*i,2) 2). 
If M’;, 2’; are the subspaces of U; (1 1,2), it follows by Lemma 2. 5 that 
D Ms. Therefore MN’, = Ny. Also MY’, + M’, CM, + Me. 
But U,, U. do not commute; therefore dim(2’;, + so that 
+ MY’. = M, + Mt. Another application of Lemma 2.5 gives c(c(U;, 
=c(c(T;,T2)). On the other hand, if 2%, — Mt., then the above argument 
applied to the adjoints T*;, U*; gives c(c(U*,, U*.)) =c(ce(T*,, T*:)) and 
this evidently implies c(¢(U;, Us)) =c(ce(T1, T2)), completing the proof. 


ee 
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3. Group characterization of extremal involutions. The objective here 
is to characterize an extremal involution of & in terms only of the group 
operation in Let 7,,T,¢& and denote by T:) the number of 
distinct elements in c(c(T,,7T2)). Define 


by y=maxv(7,,T.), vr=maxv(T,T’), ToT’ =T’ oT. 


3. 3.1 Lemma. Let P be a continuous projection on X with dim(XP) > 1 
this and let Z be any linear transformation on X which commutes with every 


the 
ove 


minimal involution Ue & such that UP =PU =U. Then there exists ¢ 
in the center of D such that PZ = Pf. If Z is an involution, then £ = 2 or 
0 and furthermore the condition on the dimension of XP can be dropped. 


ea 


: Let w be an arbitrary non-zero element of XP and choose v* ¢X* 


nal such that (v*,w) —1. Define u* =v*P*; then also (u*,w) and 
to i aU = u2(u*,x) defines a minimal involution U e & such that UP = PU =U. 7 

ery : Since Z commutes with U, we have by Lemma 2.1 that uZ = uf(u), where 

P f(uje D. Now let v be any other element of XP. Then, since Z is 

additive, (ut =ul(u) + vf(v) and hence u(f(u + v) — £(u)) 
nd = v(f(v) —f(u+v)). If u,v are linearly independent, then (wu + v) = {(u) 
at and £(u-+ v) —£(v) so that £(u) —Z(v). If u,v are linearly dependent, 4 
nd choose v’ linearly independent of u,v. Then {(v’) and £(v’) = £(v). 

i Therefore £(u) —{(v) in this case as well. In other words {(w) is equal to 
ne ' aconstant £. That ¢ is in the center of D follows from the linearity of Z. 
‘) Now, if Z is an involution, then Z* = Z2, which implies {(u) = 2 or 0, for ; 
every ue XP. Therefore, if ~€(v), then either v) —€(u) or 
f(ut+v) =f(v). Since u(Z(u+v) = v(E(v) -—-f(u+v)), the 
r, first implies v = 0 and the second implies w= 0. Hence, if wu and v are not : 
zero, then £(u) = This completes the proof. 


3.2 Lemma. Jf dim(X) > 3, then v is equal to either 16 or 8 according 
as I2e% or 12¢ 9. 


Let T;, T. be any two commutative involutions in & and set = 
({—1,2). Then J — E; are continuous projections on X. Since 
commute, the following are also continuous projections: 


P,=E£,E., P,=E,(I— Ps = (I Ps = 1 — — F2). 


Also P;P; =0 for Observe that c(7., 7.) consists of all Te such 
that 7 commutes with each P;. 

Now let U; denote any minimal involution in & such that P;\U; = U;P; 
Clearly, for ji, U;iP; so that Ujec(T,,T:). By 


3 
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Lemma 3.1, if then where or 0 
(i= 1,2,3,4). Since we have T = Conversely, any T of 
this form is an involution and, provided it belongs to &, is in c(c(T,, T2)). 
It follows that v= 16, if /2¢%, and a simple check shows that v< 8, if 
I2¢. It remains to prove equality. 

Choose linearly independent elements ujeX and u*;eX* such that 
(u*;,u;) (1,7 = 1, 2,3). Define U; by = uj2(u*;, then Uie d 
(4=1,2,3). Also define T, —U,0U, and T,—U,°0U;. Then 7,, T, 
commute and the associated projections P; are given as follows: P, = U,4, 
P, = U24, = U33, Py =I —(P, + P2+ Ps). Note that P,+ P.+ P; 
= (U,0°U.°U;)4. Since dim(X) > 3, none of the projections P; is zero. 
It follows now that v(7,, T.) = 16, if 9, and v(7,, T.) =8, if 12¢ 9. 


3.3 THroremM. Jf dim(X) S 3, then every involution on X is extremal 
and vp=v for all_T. If dim(X) > 3, then a necessary and sufficient 
condition for Te S to be extremal is that vp = 4p. 


The first statement is obvious. To prove the second, consider an arbitrary 
T,¢2& with subspaces M, NM. Let T. be any element of & which commutes 
with 7, and define P; (i=1, 2,3,4) as in the proof of Lemma 3.2. If 7, 
is minimal, then either P, — 0 or P, = 0 and, if T, is maximal, then [2 ¢ 9 
and either P; —0 or P; =0. In either case, it follows that v(T,, T.) S 4v 
and hence that 4». Now choose u,eM, we MN and v*;eX* such that 
(v*;, uj) = 8; (4,7 = 1,2). Define u*, v*,E*, and u*, = v*,(] — E,)* 
where #,=—T,}. Then uj) (i,7 = 1,2). If U; is defined by 
= uj2(u*,z2) (i=1,2) and T,—U,0U., then T,e2& and T,, 
commute. With 7. chosen in this way, since dim(X) > 3, at most one of 
the associated projections P; can be zero and this happens if, and only if, T, 
is extremal. It follows that v(7,,T.) =v if T, is not extremal, and 
v(T,, = 4v if T, is extremal. This completes the proof. 


4, Isomorphic groups of transformations. In this section we consider 
two systems, {X,D,X*: and €, 9*: MH}, of the type discussed above, 
with 2 and # as the sets of involutions in & and %& respectively. We also 
assume throughout that the groups § and & are either isomorphic or anti- 
isomorphic. The isomorphism or anti-isomorphism of 8 onto # will be 
denoted by g:G—~gq(G@). It is evident that g sets up a one-to-one correspon- 
dence between the sets X and J. Also, 12e% if, and only if, 12¢ % and 
furthermore, if 72e¢ 9, then g(J2) —12. By Theorem 3.3, an extremal 


involution must correspond under g to an extremal involution. Moreover, 


if 


‘ 
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0 if T; ((=1,---,) are arbitrary extremal involutions in &, then repeated 
of application of Theorem 2. 6, plus the observation that two extremal involutions ; 
»)). which commute and have a common subspace must have the same subspaces, 
if shows that the 7; have a subspace in common if, and only if, the g(7;) do. 
Let (71,72) and (T;,7s) be two pairs of non-commutative extrema] 
lat involutions. Then the pairs are said to be similar provided each has a 
a subspace in common and the common subspaces are either both one-dimensional 
T; or both non-one-dimensional. 
1 
p, 4.1 Lemma. The pairs (T,,T2) and (T3,T.4) are similar if, and only 
o (g(T:),g(T:)) and (g(T3),g(Ts)) are similar. 
2 Let (7,,7T.2), (Ts,7s) be similar and assume first that the common 
“i } subspaces are one-dimensional. If these one-dimensional subspaces coincide, ; 
then the 7; 1,2,3,4) have a common subspace. Therefore the g(7;) 
) also have a common subspace and this implies the desired result. If the one- . 
dimensional subspaces are different, let one be generated by u, and the other 
y by us. Then us are linearly independent there exists u* X* such 


that (u*,u;) = 1 (t—=1,2). Define U; hy cU;—u2(u*,z); then Vie d 
(i 1,2) and the involutions in each of the triples T,, T2, U; and T;, T,, U2 
; have a common subspace. Moreover U,,U: have a common subspace but 
(U,,U2) is not similar to either (7,,T.) or (173,74). Now suppose 
(9(T,),g(T.)) and (g(7:),g(T.)) not similar. Then one of these pairs, 
say the first, must be similar to the pair (qg(Ui),q(U2)). Since g(T7;), 
g(T2), g(U:) have a subspace in common, it follows that g(T2), 
g(U,), g(U2) have a common subspace. This implies in turn that T,, To, 
U,, Us have a common subspace and contradicts the fact that (71,72) and 
(U,,U.) are not similar. Therefore (g(7,),g(72)), (g(7s),q(Ts)) are 
similar. Finally if the common subspaces in (7;,7T.2) and (73,74) are not 
one-dimensional, then the above argument applied to (7*,, T*.) and (T*;, T*,) 
leads again to the desired result and completes proof of the necessity. The 


sufficiency clearly follows by symmetry. 

The one-to-one correspondence between the sets of involutions & and J 
will now be used to construct a one-to-one correspondence between the one- 
dimensional subspaces of X and those of either 9) or 9)* such that linear depen- 
dence is preserved. The one-dimensional subspace of X determined by a non- 
zero element «eX will be denoted by tD. The set of all one-dimensional 
subspaces of X will be denoted by X,. Similar notations will be used for 
the other spaces under consideration. If «PD ex. and Dr*eX*,, then 
tD and D-x* are said to be orthogonal provided (x*,x) =0. If T is an 


| 
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extremal involution in &, then there exist non-orthogonal wD) eX and 
Du* eX* such that uD and (Du*)~+ are the subspaces of T. Conversely, 
every non-orthogonal pair wD, Du* is associated in this way with an 
extremal involution. If 12 #9, then this association is one-to-one and T is 
minimal. If 12¢%, then both 7 and [2—T are associated with uD 
and Du*. 


4.2 THrorEM. There exist two one-to-one mappings F and F* such 
that F maps Xq onto either or Y* while F* maps X* onto either 
or Also (a;3D)F + (2.DM)F or (D*zx,)F* C (Da*,) F* 
+ if, and only if, C2,D +2.D or Dx*; C + 


respectively. 


Since g(7') is extremal if, and only if, T is extremal, it is evident that 
g establishes a one-to-one correspondence {Dx*, 7D} <— {Ey*, yE} between 
non-orthogonal pairs from X*g X Xqg and Now let {Dx*, cD} 
be an arbitrary non-orthogonal pair from ¥*g X Xq and let Da*, be any 
element of ¥*g distinct from Dz* and also non-orthogonal to gD. Then 
{Dx*, <— {Ey*, yE} and {D2*,, 7D} — {Ey*,, y,€}. By Theorem 2. 6, 
either y,€ = y€ or Ey*, = Ey* and, by Lemma 4.1, whichever case holds is 
independent of the choice of gD, Dx* and Dz*,. Therefore we can define, 
without ambiguity, (cD)F=yé if y€—yE, and (*D)F=—€y* if 
E€y*, = €y*. In the first case F maps Xqg onto Ye, and in the second it 
maps Xg onto ¥)*,. The mapping F* is defined in an exactly similar way. 
It is not difficult to verify that F and F* are one-to-one. Observe that 
{Da*, cD} {(D2x*)F*, (cD) F} or {Dz*, {(ctD)F, (Fx*)F*} 
according as F maps Xq onto Y~, or Y*,. It remains to prove the last 
statement of the theorem. It will be sufficient to consider only F and prove 
that Ca,D +2.D implies (4,D)F+ (2.D)F. If 
is equal to either z7,D or z.D, the desired result is immediate; therefore 
assume 7,2) ~2,D and ~2.M. Then also Choose 
so that and (%,+22)4. Choose such 
that = (2z*,2.) =1; then also Define involutions 
X,e8& as follows: cX;—22(x*,x) (i—1,2,3). Observe that the sub- 
spaces of X; are and (M2*)+. Since +2.D, it follows, 
by Lemma 2, 5, that X; ec(c(X1, X2)). Hence also g(X3)e ¢(c(g(X:), g(X2))) 
and g(X;)* e c(c(g(Xi)*,qg(X2)*)). Let y€ and (€y*;)+ denote the sub- 
spaces of g(Xi) (t—1,2,3). It follows from Lemma 2.5 that y;€ C y,€ 
+ y€. Similarly, by replacing by g(Xi)*, we obtain €y*; C €y*, 


4 

| 

| 
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4+ éy*,. Since —y€ or F = Ey*;, according as F maps Xg 
onto or Y*,, the proof is complete. 


4.3 Lemma. Let M, MN be the subspaces of an involution Te &. Then 
the linear subspaces determined by (Wtqg)F and (Ng)F im either Y or 
are the subspaces of the involution g(T) or g(T)* according as F maps Xq 
onto 


It will be enough to consider the case in which F maps X g onto 9). Let 
M’, I’, be the subspaces of g(7’) and consider the subspace Mt of T. If Mt is 
one-dimensional, then from the definition of F', we already know that (Mg) F 
is equal to either Mt’, or M’,. If Mi is not one-dimensional, let 2,, x2 be 
any two linearly independent elements of Yt and choose v* e X* such that 
(v*,a;) =1 (i=—1,2). Let u* —4v*T*, then still (u*, 2) —1 and also 
RC (Du*)+. Define the involutions X; by 7j2(u*,z) (i —1, 2). 
Then, by Lemma 2.2, Tec(X,,X2). Hence g(T) e¢(g(X1),g(X2)) and, 
by Lemma 2.4, either DY” or MN’ must contain (71,D)F+ (a,D)F. By 
holding x, e Wt fixed and varying x, over Yt, we conclude that either PY, or 
N’,, say the first, must contain (M_)F. It follows easily by symmetry that 
(M,)F. A similar argument gives J’, = (Ng) F and completes the 
proof. 

The next lemma appears to be well-known in modern projective geometry. 
However, since we do not have a reference for it, we will include a brief out- 
line of a proof. 


4.4 Lemma. Let X be any right D-space with dim(X) 23 and let 9 
be a right or left E-space. Also let F be any one-to-one mapping of X,, onto 
Ye such that (1,D)FC + if, and only if, 
+2,D. Then there exists an isomorphic mapping ® of X onto Y such that 
(cD )® = (cD )F. 


It will be sufficient to take 9) as a right €-space. Let 2» be a fixed 
non-zero element of X and denote by yo an arbitrary but fixed non-zero 
element of (2.D)F. We define and If is linearly 
independent of wz, then x, are linearly independent so that 
(cD)F ~ ((2,—2)D)F. Moreover, since + (4 —2z)D, we 
have (x%D)F C (xD)F + Therefore there exist uniquely 
determined elements ye («D)F and ye —2)D)F such that y= y + 
Set 2, y. This defines 6, for 0, x and all x linearly independent of 2. 
Now consider a second fixed element z, linearly independent of 2, and define 
®, exactly as was defined except with replaced by 2, and 27,8, = 2,9». 
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It turns out that — 26, whenever both are defined. If 2@ 2, or 
x®,, whichever is defined, then ® is single-valued and can be shown to be 
additive. Now, for Ae D, (x Therefore, there exists rA* € 
such that 2,A%. Moreover it can be proved that = 20)”, 
for every x, and that A —A?® is an isomorphism of D onto €. Therefore ® 
maps X isomorphically onto and it is obvious that (cD )& = («D)F. 


4.5 THroreM. There exist one-to-one mappings ®, WY such that one of 
the following two cases is true: 


(i) ® and are continuous isomorphisms of X onto and X* onto 
respectively, involving the same isomorphism A> of D onto E and such 
that (x*, yi")? = (a*¥, y). 


(ji) © and © are continuous isomorphisms of X onto Y* and X* onto 
respectively, involving the same anti-isomorphism of D onto and 
such that (y¥', x)? = y). 


In both cases = (xD)F and (Da*)¥ = (Da*) F*, where F, F* 
are the mappings given in Theorem 4. 2. 


We will discuss only case (i) which corresponds to the case in which 
the mapping F of Theorem 4.2 takes X, onto Y- Denote by ® an iso- 
morphism of X onto Y) given by Lemma 4. 4. By Lemma 4. 3, (Da*)F* = Ey* 
if, and only if, (Oz*)@ = Ey*. It follows from this that, for fixed x* e X*, 
(a*, yb")% defines an element of (M2*)F* which we denote by 2*¥®. It is 
not difficult, to show that ¥ has the desired properties and also that both #, ¥ 
are continuous. 


5. Representation of the group isomorphism. We turn in this section 
to the problem of representing G— g((7) in terms of the isomorphism of the 
underlying vector spaces given by Theorem 4.5. It will be assumed through- [7 
out that g is an isomorphism. 

Consider the set of elements of the center of the division ring € minus 
the identity element 1. This set is a group under the circle operation and, 
as such, will be denoted by &>. 

The following theorem provides the desired representation of the group 


isomorphism g. For the finite dimensional case, it reduces essentially to a [i 
theorem of Dieudonné [1, Théoréme 1]. t 


5.1 Tueorem. There exists a homomorphism G—>y(G) of & into 
such that one of the following is true for all Ge §: 
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(i) g(G) = oly (G); (ii) g(@) = oly (G), 


where ® is the isomorphism given in the corresponding case of Theorem 4. 5. 


Consider first case (i) in which ® is an isomorphism of X onto ¥). Let 
T be a minimal involution in 9 with subspaces Yt and NR. Then, by Lemma 
4.3, the involution g(7’) has (Mt)® and (9)® as its subspaces. On the 
other hand, ®*7® is also an involution with subspaces (Mt)® and (MM). 
It follows that g(7) = (®'TN) olp, where pO or 2. Therefore g(T) 
has the form (i) for minimal involutions. 

We now define the mapping G— G? = g(G)#", which is an isomor- 
phism of the group 9 onto another group of linear transformations in &. 
Observe that, if 7 is a minimal involution, then T’ = T'olp, where p=0 
or 2. 

Consider an arbitrary Ge and an arbitrary minimal involution 
Te. Then GoToG? is also a minimal involution. In fact, Go To G° 
= (I—G)T(I—G)-, where (I—G)-' is the ordinary multiplicative 
inverse of J —G. Therefore it follows that (Go To G°)* =(GoToG°)oIp,, 
where p: = 0 or 2. But (G@oToG®°)? = (G7)° and T7 =T 0° Ips, 
where or 2 Hence where 
p=pilp,=0 or 2. This last equation can be written in the form 
Ip = (I — G°)T( I — + (I Each term on 
the right is one-dimensional and consequently the right hand side is at most 
two-dimensional. Since X is at least three-dimensional, we conclude that 


p=0. In other words, 
(1) (I — G2) T (I — = (I— 


Suppose now that there exists an 2 e X such that the vectors u = 2(I — G) 
and v= «(I —G*) are linearly independent. We can then choose 7 such 
that uT = u2 and v! =0. An application of equation (1) to the vector x 
then yields u2(1 —G)-1=0. This obviously implies u = 0, a contradiction. 
It follows that, for every xe X, the vectors and z(I—G) are 
linearly dependent. An argument similar to the above also shows that these 
vectors vanish simultaneously. Therefore, for every x eX, there exists A,e D 
such that «(J —G@*) Hence — G7) 
By additivity, we obtain x(A,—Azy) + y(Ay—Aasy) for all rz, ye. 
If x, y are linearly independent, this implies Ay. If y are 
linearly dependent, choose zeX linearly independent of 2, y. Then 
Ay =Az =A, so that A, —A, in this case as well. Therefore A, is equal to 


a constant A independent of z. In other words, 1 —G* = (I—G)A, and 
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this can be written in the form G?=—GolJ(1— A). It is immediate from 
linearity that A is in the center of D. Also, since [(1—A) —G@° o G* and 
(G° o G)° exists, it follows that 1—A is in D,. Returning to g(G@), we 
have g(G) = oly(G), where y(G@) = (1—A)*% and A—> is the 
isomorphism of D onto € associated wth ®. It is obvious that G—y(@) 
must be a homomorphism of § into €). This completes the proof for case (i). 

In case (ii) we consider G— G>=4g(G)*" instead of 
Observe that G— G is an anti-isomorphism of 8. An argument similar to 
that given in case (i) yields, in place of equation (1), 


(1)* (I — (1 — @) = (I— G) T(I— @) +. 


Again as in case (i), we obtain that J — G = (I — G@)-1), where Ae Dy. 
This can be written in the form G—G°oJ(1—2A). Therefore 


g(G@) = oly(G), 
where y(G) = (1—A)%. This completes the proof. 
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- STEADY, ROTATIONAL, PLANE FLOW OF A GAS.* 3 
By Monroe H. Martin. 


i). : 1. Introduction. If one excludes flows for which the stream iines are 
isobars, the network formed by the stream lines and isobars in the region of 
the (x, y)-plane covered by the flow can be used as a system of curvilinear 


coordinates. This amounts to taking the pressure p and stream function y 
for independent variables and to regard the other flow variables, i.e., the 


functions of them. 


velocity components u, v, the density p, and the coordinates z, y, as unknown 


This choice of independent variables has the following advantage. Taking 
the equation of state of the gas to be p = f(p, S), where S denotes the entropy, 


pendent variables p, y. 


constant direction. These exceptional flows are studied in Section 5. 


it is well known that S is constant along a stream line. Consequently, if we 
specify the variation of entropy from stream line to stream line by setting 
S = S(w), the density p becomes a known function p= p(p,w) of the inde- 


The problem of determining the remaining unknown functions 2, y, u, v 
of p, w is reduced in Section 4 to the integration of a quasi-linear partial 
differential equation for a single unknown function 6 = arc tan v/u = 6(p,¥), 
provided 6y 0, that is, provided the flow does not cross each isobar with a 


e The quasi-linear partial differential equation for 6 involves the speed 


¢=4q(p,w) of the flow, which becomes a known function of p, y, once p(p, ¥) 


y is given and two arbitrary functions po = jo(W), do=o(w) are specified. 


| straight lines. 


forces constitute an underdetermined system 


—. 


* Received September 21, 1949. 
‘ Sponsored by the Office of Naval Research. Presented April 2, 1949 at the Durham, 
North Carolina meeting of the American Mathematical Society. This investigation was 
i carried out under project NOL 139 of the Naval Ordnance Laboratory, White Oak, 
Maryland. 
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It is, however possible to adopt an inverse approach, and assign @ to be a 
definite function of p,y. This leads to a linear partial differential equation 
of the third order for qg. As an example of the inverse method, in Section 6 
we study the simplest case, 6=6O(w), in which the stream lines lie on 


2. The equations of motion. The dynamical equations and the equa- 
tions of continuity in steady, plane flow of a fluid subject to no external 
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(1) + Uyv) + ps = 0, p(V2tt + Vyv) + py = 0, 
(pt)o+ (pv)y=09, 
of three partial differential equations for four unknown functions uw, v, p, p 
of x,y. Following the usual notation, u, v designate the components of the 
velocity, p the density, and p the pressure of the fluid at the point (2, y). 
Writing this system in the alternative form 
(p+ (puv)y=0, (puv)e+ (p+ pv?)y =0, 
(pt) (pv)y 0, 
it is easy to see that, given any solution 
(2) u=u(z,y), v= v(z,y), p= p(z,y) ~0, P= p(*,y), 
of (1). there exist three functions ? é, 7, y of x, y defined by 
di ——purdr+ (p+ pu)dy, ——(p + pv®) dx + purdy, 


(3) diy = — pvdx + pudy. 


This differential system is replaced by the system 


(4) dé = — ydp + udy, dn = «rdp + vdy, dy = — pvdz + pudy, 


when we set = — py, n=7-+ pu. 

The form of the first two equations in (4) suggests that p, y be employed 
as independent variables, that is, that the stream lines and isobars be taken 
as a system of curvilinear coordinates in the region of the (2, y)-plane covered 
by the flow. We accordingly assume that 


(5) 


holds throughout the above region. This automatically rules out flows for 
which the pressure is constant everywhere or for which p= p(w), i.e., flows 
for which the stream lines are isobars. Such flows form a very restricted 
class * and will be excluded from now on . When p, y are taken for independent 
variables, (4) leads to an underdetermined system of four partial differential 


equations 
(6) Up = Ly, UYp — VLp = 0; Uyy — vty =p", 


for five unknown functions z, y, u, v, p of p, ¥. The first two equations 


*y is, of course, the stream function. For the physical significance of £ 7 see a 
Technical Memorandum, A new approach to problems in two-dimensional flow. NOLM 
9869, Naval Ordnance Laboratory, by the author. To appear in Quarterly of Applied 
Mathematics. 

®’ For a treatment of flows for which p = p(W) see the memorandum cited in 2. 
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represent the integrability conditions for the first two equations in (4). 
The last two equations arise from the third equation of (4) when one sets 
dx = 2vpdp + tydy, dy = ypdp + yydy, and recalls that p, w are independent 
variables. 

Starting with a solution (2) of the underdetermined system (1), one 
uses the last equation in (3) to calculate y= y(2,y). The pair of equations 
p= p(z,y), y), determine z, y as functions of p, in view of (5). 
It follows from (2) that u, v, p are known functions of p, y. Thus, given 
any solution (2) of the underdetermined system (1), we are led to a solution 


of the underdetermined system (6). 

Conversely, given a solution (7) of (6), a solution (2) of (1) can be 
constructed, provided 
(8) J=A(x,y)/0(p, 4). 

In view of (8), the first two equations in (7) can be solved for p, y. 


This yields p, y and consequently wu, v, p as functions of z, y. One has, of 


course, J, — Yp, Jy = Xp, Jpr = Yy, J py = — Ly, and therefore 


J Uz = — UpYy> = — + px = — 


(9) 
J Uy = UyLp — UpTy, J Vy = VyLyp — Upty, J py = pyXp — ppty- 


When the partial derivatives of u, v, p, p with respect to x, y obtained 
from these equations are substituted in the system (1), it will be found 
that the system is satisfied by virtue of (6) and the further relation 
Pp — + Upty— This relation 1s needed to verify that 
the continuity equation is satisfied and is obtained from the second column of 
(6). The first equation is differentiated with respect to y, the second with 
respect to p and the results are subtracted. 

To examine the significance of (8), we find from (6) that 


(10) + =— 

and that + Vp¥p =—J, — UYp = 0. Solving these equations simul- 
taneously for xp, yp, and using (10), one finds 

(11) Lp = pJU, Yp = pJv. 

It follows that 

(11) dp/ds = (pJq)*, if + > 0, 


the arc length s being measured along a stream line from a fixed point so 
that it increases in the direction of flow on the stream line. Thus, provided 
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we assume that the density p and speed g remain finite and different from zero, 
the two conditions 0 < | dp/ds| << +~,0<|J|< +0, are equivalent. 
The above results are summed up in the theorem below. 


to n 
maj 
the 


THEOREM 1. The solution of the underdetermined systems (1) and (6) 
are equivalent problems, provided the stream lines are not isobars, the density, 
p, the speed q, and the pressure gradient dp/ds along a stream line remain 
finite and never vamsh. 


(1: 

The system (6) becomes determinate when the equation of state of the 
gas and the distribution of entropy S on the stream lines is specified by setting “ 
sta 
p—f(p,8), S—S(y). 
For a polytropic gas, for example, one places th 


(12) p= kp'/7, = (So) S=S(y),y > i, 


the function S(y) being taken arbitrarily. After the equation of state of 
the gas and the distribution of entropy on the stream lines has been fixed, 
the density p becomes a known function 


(13) p=p(p,¥), 


which we term the density function. Once it has been assigned, (6) becomes 
a determinate system of four partial differential equations for four unknown 
functions 2, y, u, v of p, 

A solution 


c=2(p,y), u=—u(p,y), 
v=v(p,y), 


of a determinate system (6) offers a parametric representation of the stream 
lines and their hodographs in the first and second columns respectively, the 
pressure p serving for parameter. 

The functions in (14) are not necessarily single valued, as it is possible 
for a point in the (p,w)-plane to correspond ‘to more than one point in the 
physical plane. Such a situation will always arise when an isobar cuts a fixed 
stream line in more than one point and occurs even in the simplest examples, 
e. g., the flow * defined by the conformal mapping z = w? in which the stream 
lines are confocal parabolas and the isobars are circles concentric at the 
common focus. 

Moreover it is also possible for two different points in the (p, y)-plane 


(14) 


* As the referee has pointed out, another example of great practical importance 
occurs in the neighborhood of the stagnation point in steady flow about a symmetrical 
blunt profile. 
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to map into the same point of the physical plane. This physical impossibility 
may be avoided by confining the point (p,) to a properly chosen region in 
the (p, y)-plane. 


3. The Bernoulli function. If (10) be integrated between the limits 
po and p for a fixed y, we obtain Bernoulli’s theorem 


che 
ng — Where the arbitrary functions po(y), qo(w) are at our disposal. To under- 


stand their significance, let us imagine the region covered by the flow referred 
to its stream lines and isobars as a system of curvilinear coordinates, as in 
the figure below. 


of 
p= const. 


\ 


Fi igure 


The choice of po(w) selects a curve p= po(w) (the curve Cy) along which 
the speed of flow is determined by specifying qo(y). In particular, if 
Po = const., Cy is an isobar. 

For a polytropic gas we find, from (12), that (15) yields 


(16) = qo — 2(p™— por") /{k(1—n)}, 
Taking po = 0, this reduces to 
(17) = — 2p*"/{k(1— n)}, 


and C, becomes the isobar of zero pressure along which the speed attains its 
maximum value go (the ultimate speed). If in addition, qo—const., the 


flow is iso-energetic. 


ero, 

t. 

(6) 

ity, 

y = const. 
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teturning to the general case, we assume that the density function (13) 


and the arbitrary functions po(W), go(w) are specified. From (15) we see 


is a known function of p, wy. This function is termed the Bernoulli function 
of the flow. 

Conversely, if the Bernoulli function is given, the density function is 
uniquely determined by 


(19) p= 


provided, of course, that qqp < 0. 

An interesting connection between the Bernoulli function qg and the 
vorticity = u,—v, follows’ from (9). In substituting for u,, vz and 
then using (6), (11) to substitute for wp, vp, 2p, Yp, one has 


(20) = = — 


the latter equation being a consequence of (19). This formula leads imme- 
diately to the following theorem: 


THEOREM 2. Under the hypotheses of Theorem 1, the flow will be 
irrotational if, and only tf, the Bernoulli function ts independent of yw, that 


is q=4q(p)- 
Differentiating (19) with respect to p and introducing the Mach number 


M =4q/G, where G denotes the local velocity of sound, one finds that 
M* — 1=p’q°qpp. AS a consequence, we have the theorem: 


THEOREM 3. Under the hypotheses of Theorem 1, the flow is subsonic, 
or supersonic, according as the Bernoulli function satisfies the inequality 
Upp < 9, or the inequality qpp > 0. 


As a corollary we note that if g is a linear function of p, the flow is 
always sonic. 


4, The quasi-linear partial differential equation. The integration of 
a determinate system (6) may be reduced to the integration of a quasi-linear 
partial differential equation. 

Let (14) be a solution of (6) and let gq = (u* + v7)? =4@q(p,y) be the 
associated Bernoulli function. If we introduce the angle of inclination 6 of 
the stream lines by setting 


° For a different proof see 2. 
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13) 


see 


(21) u=qcos6, v=qsin8, 


it follows from (11) that 6 = arctan(y,/x,) and, from (11’), that 


(22) Lp = (dp/ds)™ cos 9, Yp = (dp/ds)~ sin 6. 


Moreover, from (6), (11) and (21) we find 


(23) = — — 995") dp/ds. 


If we rule out temporarily those flows for which 0y=0, we may use (23) 
to eliminate dp/ds from (22) to obtain 


(24) = — { — /Oy } cos 8, Yo = — — /Oy }sin 8. 


On the other hand we find from (6) and (21) that 


(25) ty = (qsin@)>, Yy =— COS 


When x and y are eliminated from (24), (25) by partial differentiation, 
it follows that 6 must be a solution of the quasi-linear partial differential 


equation 
(26) — + = 9. 

Conversely, if 6 is a solution of (26) for a prescribed Bernoulli function 
g=4q(p,W), it is possible to construct a solution (14) of the determinate 
system (6) in which ‘the density p is given by (19). Guided by (21), (24), 
(25) one tentatively writes down 


(21) a= f{—[ |cos dp + (qsin @)pdy}, w= cos 8, 
{—L (Gon — 99p") |sin 6 dp — (q cos v=qsin8, 


and then verifies that this is indeed a solution of (6) by direct substitution. 
We return to the case 6y == 0 excluded above. For such flows 6 = 6(p), 

i.e. the velocity vectors are all parallel along an isobar. These flows will be 

examined in detail in Section 5. At present we are only interested in seeing 

how (26), (27) must be modified to account for them. 

From (23) it follows that (26) is replaced by 


Yop — = 9. 


(28) 


In place of (22) we write 


(29) Lp = X08 8, Yp = Asin =A(p,¥), 


and eliminating z, y from (25), (29) by partial differentiation, one finds 


(30) A\= dy + B(p), Wo = const., 
Wo 
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where B(p) denotes an arbitrary function. Consequently, in place of (27), 
we have 


«= f cos 6 dp + (qsin 6) pdy}, = q cos 6; 


(31) y = f {Asin 6 dp — (q cos 6) pdy}, = qsin 6. 


Conversely, if 0—=6(p) satisfies (28) for a given Bernoulli function 
q==4q(p,w), and d is defined by (30), the line integrals in (31) define 
z, y as functions of p, y. By direct substitution we verify that (31) is a 
solution (14) of (6) with the density function p given by (19). 

We summarize these results in the next theorem. 


TuHeEorEM 4. If the Bernoulli function q(p,w) of the flow is given, the 
stream lines and their hodographs are presented parametrically in terms of 
the pressure p by (27), where 6 is a solution of the quasi-linear equation (26), 
provided the direction of flow is not constant along the isobars, in which 
event (27) must be replaced by (31), and (26) by (28). 


When the partial differentiations are carried out in (26) this equation 
hecomes 
(32) (Gop — y +299 — — (Jory — + | 
This brings out the quasi-linear character of (26). 


5. The case®—8(p). Equation (28) may be made to play a dual 
role. Depending on whether one elects to preassign the Bernoulli function 4 
or the function 6, it becomes an equation for 6, or an equation for q. 

Let us take the equation in the first réle under the hypothesis that the 
flow is irrotational. According to Theorem 2 we prescribe 


(33) q=4(P), 
and, on solving (28) for 6, obtain 


p 
(34) 6 = 0(p) -{ (dpp/q)*dp + 4, 6, = const. 
Po 


For 6 to be real we admit only values of p for which qpp = 0 and therefore, 
from Theorem 3, exclude subsonic flows. 

Substituting from (33), (34) into (31), the second column yields the 
parametric equations of a one-parameter family of curves (with parameter 6,) 
in the hodograph plane, generated by rotating any member A about the origin. 
A member h of this family is the hodograph of a flow in the physical plane, 
i.e., the flow in the physical plane has a one-dimensional hodograph. 


is 
il 
! 


STEADY, ROTATIONAL, PLANE FLOW OF A GAS. 473 


As is the case for all irrotational flows, it follows from (33) that the 
isobars in the hodograph plane are circles concentric with the origin. 

To construct the stream lines in the physical plane, we carry out the 
integration of the line integrals in the first column of (31) along the broken 
line indicated below. 


y 


f 


Fégure 2. 
One finds 
(35) (W—wWo)v’, Y = Yo(p) — Wo) wv’, ’ == d/dp, 


where 


Dp 
(36) Lo(p) = ef cos 6 dp, Yo(P) —f B sin 6 dp, 
Do 


Po 
in which 6 = 6(p) is defined in (34), and B is the arbitrary function of p 
introduced in (30). 
Setting y= in (35), one obtains an “ initial stream line” S, 
(37) y=Yo(P), 


containing the origin of the physical plane as a point at which p = po, 0 = 4. 
Once So has been drawn, the other stream lines may be constructed as 


explained below. 


—>& 
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Through a point R of S, draw the tangent RR’ and from the origin 0 
of the hodograph plane draw the radius vector 00 parallel to RR’ terminating 
at Q on h. 00 represents the velocity vector at R. At Q draw the tangent 
vector OT to h with components (u’, v’) and from O draw the normal vector 
ON with components (v’,—w’). From R draw RP, parallel and equal in 


length to ON, It follows from (35) that the locus S, of P, as R traverses S, 
is the stream line for which y — y = 1, and that the isobars are the straight 


line containing the vectors RP,. Along an isobar the velocity vectors are all 
parallel and equal in length, and the remaining stream lines may be viewed 
as generalized homothetic transformations of 8, in which the radii of simili- 
tude are the isobars and the center of similitude R moves along Sp. 

Due to the arbitrary function B(p) in (36), we may elect any hodograph 
curve h and still retain wide latitude in the choice of the initial stream 
line So. Fixing po, 0) in (34), it is possible to make S, coincide with any 
curve C passing through the origin of the physical plane and making an 
angle 6) with the z-axis, provided C has a finite radius of curvature R, e. g., 
is not a straight line. To see this we take 


6 6 
C: R cos 6 dé, y= f sin 6 dé, R= R(6), 
9% 


as parametric equation for C, and using (34) to introduce p as parameter 
on C; it follows from (36) that 8, will coincide with C, provided we take 
B= R(6(p))@(p). 

If we designate flows for which @—6(p) as isoclinic and flows which 
have a one-dimensional hodograph as Prandtl-Meyer flows, we have seen that 
any irrotational, isoclinic flow is necessarily a Prandtl-Meyer flow in which 
the isobars are straight lines along which the velocity vectors are parallel 
and equal in length. Such flows have been studied in detail by various 
authors ° for the special case of a polytropic gas. 

There exist, however, rotational, isoclinic flows which are not Prandtl- 
Meyer flows. To study them, we return to (28) and examine it in its second 
role. From this standpoint we set 


(38) —6(p), 


where 6(p) is an arbitrarily chosen function, and regard (28) momentarily 
as an ordinary differential equation for g. If q:, q2 denote two linearly inde- 
pendent solutions of (28), the general solution is 


* See, for example, R. Courant and K. O. Friedrichs, Supersonic flow and shock 
waves, pp. 259-293. Interscience Publishers, New York (1948). 
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(39) = M191 + 4292, 
where a;, a2 denote arbitrary constants, if (28) is regarded as an ordinary 
differential equation, but denote arbitrary functions of y when (28) is inter- 
preted as a partial differential equation. 

If we specify the arbitrary functions a,(y), a2(¥) in (39), we obtain 
a definite Bernoulli function g(p,w), corresponding to which the function 
6(p), assigned in (38), yields a solution of (28). If we substitute these 
functions for g, @ in (30), (31), the second column of (31) yields a one- 
parameter family of hodograph curves 


w= + ao (p) Ue, =A, (Y) V1 + V2, 
where 
hi: = 8in 8; he: 0, sin 8, 


represent two “ base curves ” in the hodograph plane which serve to determine 
the one parameter family of hodograph curves as indicated in Figure 4. 


Fy gure 4. 


It follows from (39) and Theorem 2 that our isoclinic flow will be 
irrotational if, and only if, a,, a2 are constant, i.e., if, and only if, h consists 
of a single curve. Consequently an isoclinic flow will be irrotational if, and 
only if, it is a Prandtl-Meyer flow. 

According to the Munk-Prim Substitution Principle,’ if u, v denote the 
velocity components for a given flow, the flow with velocity components du, 
dv has the same stream lines and isobars as the given flow, provided A= A(y). 
If two such flows are termed equivalent, it follows that all flows equivalent 


7M. M. Munk and R. C. Prim, On the multiplicity of steady gas flows having the 


same stream line pattern. NOLM 9271, Naval Ordnance Laboratory (1947). 
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to a given isoclinic flow are isoclinic. Moreover an isoclinic flow will be 
equivalent to an irrotational flow if, and only if, the functions a,, a2 in (39) 
are linearly dependent. Consequently the necessary and sufficient condition 
for an isoclinic flow to be equivalent to an irrotational, Prandtl-Meyer flow 
is that a,, a2 be linearly dependent. 

The isobars in the hodograph plane are represented by the dotted lines 
in Figure 4. To plot them p is fixed in h, and y allowed to vary. 

The family 


H: V==Ai(y)v: + 
of curves in the hodograph plane, derived from h by setting 


enables one to draw the stream lines in the physical plane. Carrying out the 


H 
Hodograph Plane Physica} Plane 


Figure S. 


integration of the line integrals in the first column of (31) along the broken 
line P»AP in Figure 2, one obtains 


(41) y=Yo(p) -—Up. 
Here 


(42) Lo(p) = f B cos 6dp, Yo(p) = J "Bsin 6dp, 
Po Do 


where @ is the function of p introduced in (38) and B is the arbitrary func- 
tion of p in (30). From (40) both Uy, Vp vanish for y = yp so that 


So: ©=—2(p), y=Y¥(p), 


is the “initial stream line” y—yp. To construct the other stream lines 
we refer to Figure 5. 


: 


es 
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Choosing a value of y, one draws the corresponding member H of the 
above family and selects a point R on Sy. Corresponding to R, we select a 
point Q@ on H so that p has the same value at both points, and erect the 


normal Qn with components (V,,—U,) to H at Q. It follows from (41) 
that the tip P of the vector RP drawn from R, equal in length and parallel 


to QN , traces out the stream line for the selected value of y as R traverses So. 

Because of the arbitrary function B(p) in (42), once the Bernoulli 
function (39) has been fixed, it is still possible to take the initial stream 
line So to be any curve through the origin of the physical plane, provided 
its angle of inclination there equals @(.) and its radius of curvature is 
always finite. 

An isoclinic flow is never subsonic, since ¢pp = 0 holds from (28). 

Taking the Bernoulli function (39) for isoclinic flows, it follows from 
(19) that the density function necessarily has the form 


p + 2q2)* (19/1 + 2q’2) 


where a, d2 denote arbitrary functions of y and q, q2 are linearly independent 
solutions of — = 0. 

Conversely, if we start with such a density function, (6) will permit 
solutions (14) for which 6 = 6(p), i.e., isoclinic flows are possible. To prove 
this, one substitutes for p in (15) and disposes the arbitrary functions po(¥~), 
go(y¥) so that the Bernoulli function is given by (39). Substituting for q, 0 
in (30), (31) one obtains solutions (14) of (6) of the desired type. 

Let us assume that the entropy distribution function S —S(y) can be 
inverted, y —y(S) so that a,, a. can be regarded as functions of 8. If we 
designate these functions by o,~', o20,-1 we can state the following theorem. 


THEOREM 5. For a fluid to permit isoclinic flows for which 6= 0(p) 
under the hypotheses of Theorem 1, it is necessary and sufficient that the 
equation of state has the form 


p= — 017(q1 + + 1 = d/dp, 


where denote linearly independent solutions of —0’*q = 0, and o,, o: 
are arbiirary functions of the entropy S, subject to the conditions q > 0, p > 0. 


As an application of this theorem, consider the simplest case possible, 
6= const. The stream lines are parallel straight lines and we may take 
91 = — P, = 1. Consequently the Bernoulli function must be q = a2, — 
a linear function of p, and the equation of state must have the form 


p=0,"(o.— p)-*. Naturally other forms for the equation of state are 
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to a given isoclinic flow are isoclinic. Moreover an isoclinic flow will be 
equivalent to an irrotational flow if, and only if, the functions a,, a2 in (39) 
are linearly dependent. Consequently the necessary and sufficient condition 
for an isoclinic flow to be equivalent to an irrotational, Prandtl-Meyer flow 
is that a,, a2 be linearly dependent. 

The isobars in the hodograph plane are represented by the dotted lines 
in Figure 4. To plot them p is fixed in h, and y allowed to vary. 


The family 
H: U=A,(p)u + A2(p) Ue, V = + Ao(p) %, 
of curves in the hodograph plane, derived from h by setting 


enables one to draw the stream lines in the physical plane. Carrying out the 


Q 


4 } 
Hodograph Plane Physical Plane 


Figure S. 


Vv 


integration of the line integrals in the first column of (31) along the broken 
line P)»AP in Figure 2, one obtains 


(41) t=2(p)+Vp, y=Yo(p) -—Up. 

Here 

(42) Zo(p) = cos 6dp, Yo(p) = sin 6dp, 
Po Bo 


where @ is the function of p introduced in (38) and B is the arbitrary func- 
tion of p in (30). From (40) both Uy, Vp vanish for y = yp so that 


So: = 2o(p), Y= Yo(P), 


is the “initial stream line” y—yp. To construct the other stream lines 
we refer to Figure 5. 
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Choosing a value of y, one draws the corresponding member H of the 
above family and selects a point R on Sy. Corresponding to R, we select a 
point Y on H so that p has the same value at both points, and erect the 


normal QN with components (V,,—U,) to H at Q. It follows from (41) 
that the tip P of the vector RP drawn from R, equal in length and parallel 


to ON , traces out the stream line for the selected value of y as R traverses So. 

Because of the arbitrary function B(p) in (42), once the Bernoulli 
function (39) has been fixed, it is still possible to take the initial stream 
line Sy to be any curve through the origin of the physical plane, provided 
its angle of inclination there equals 6(p ) and its radius of curvature is 
always finite. 

An isoclinic flow is never subsonic, since gpp = 0 holds from (28). 

Taking the Bernoulli function (39) for isoclinic flows, it follows from 
(19) that the density function necessarily has the form 


p + (19/1 + 


where a, @2 denote arbitrary functions of y and q;, q2 are linearly independent 
solutions of 9” — = 0. 

Conversely, if we start with such a density function, (6) will permit 
solutions (14) for which 6 = 6(p), i.e., isoclinic flows are possible. To prove 
this, one substitutes for p in (15) and disposes the arbitrary functions po(¥), 
go(w) so that the Bernoulli function is given by (39). Substituting for q, @ 
in (30), (31) one obtains solutions (14) of (6) of the desired type. 

Let us assume that the entropy distribution function S —S(y) can be 
inverted, y = y(S) so that a,, a. can be regarded as functions of 8. If we 
designate these functions by o:~*, o.0,-1 we can state the following theorem. 


THEOREM 5. For a fluid to permit isoclinic flows for which 6= 0(p) 
under the hypotheses of Theorem 1, it is necessary and sufficient that the 
equation of state has the form 


p= — 01" (gs + 0292) + = d/dp, 


where q2 denote linearly independent solutions of q’’ —0’*q = 0, and o,, 
are arbitrary functions of the entropy S, subject to the conditions q > 0, p > 0. 


As an application of this theorem, consider the simplest case possible, 
6=const. The stream lines are parallel straight lines and we may take 
qi =— P, = 1. Consequently the Bernoulli function must be = a2 — 
a linear function of p, and the equation of state must have the form 


p=0;"(o.— p). Naturally other forms for the equation of state are 
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possible if the gas flows on parallel straight lines under constant pressure; 
but if we presuppose the conditions of Theorem 1 (which require a change 
of pressure along a stream line) only gases having an equation of state of 
the above form are admissible. 

The equation of state (12) for a polytropic gas is separable, i.e., it has 
the form p—3(S)IM(p). For the equation of state in Theorem 5 to be 
separable it is clearly sufficient that o. const. Under this assumption the 
functions a;, d in (39) are linearly dependent and the flow is equivalent 
to an irrotational Prandtl-Meyer flow. 

Conversely, we shall show that this is the only case in which the equation 
of state is separable. In the proof we make use of the lemma below. This 
lemma is a generalization of a lemma frequently used in solving partial 
differential equations by separation of variables which states that, for n = 1, 


the identity 2i(u)yi(v) == 1 implies that z,(u) and y,(v) are reciprocal 
4-1 


constants. For simplicity, and because it is adequate for our purpose. we 
restrict attention to the case n = 3, although no doubt the lemma can be 
extended to all positive integral values of n. 


Lemma 1. In order that two curves 
C: 2 =—=2,(u), Le = (u), Lz = 
D: Yo = Y2(), Ys = 
satisfy the relation x,y; + r2y2 + X3y3 = 1 identically in u, v, it is necessary 
and sufficient that one curve be a point and the other lie on the polar plane 
of this point with respect to the unit sphere, or that both curves lie on straight 
lines which are transforms of each other under polar reciprocation, 1. e., either 
(i) C is a@ point a2,a3) and D a curve on the plane 
+ + = 1, or 
D is a point (6;, bs, bs) and C a curve on the plane 
or the curves C, D are presented parametrically by 
C: =a + Lo = + Uli, = az + Uls, U=—U(u), 
(11) Y2 = b2+ Ys = bs Vms, V=V(v), 
where aj, b;, li, m; denote constants satisfying the relations 
a,b, + asb. + a3b, — 1, a,m, + dom, + agms = 0, 
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For the proof of this lemma we employ a geometrical argument. To a 
fixed point B(b,, bs, b;) of D there corresponds the polar plane b,2, + b.2. 
+ b;%;==1 of B with respect to the unit sphere. Since C, D satisfy the 
relation + + = 1 identically in u, v, the curve C must lie in 
this polar plane. If D consists of a single point B, the identity is fulfilled if, 
and only if, C is a curve in the polar plane of B and the case comes under 
alternative (i). If D is not a single point the polar planes corresponding 
to the points of D constitute a one-parameter family of planes. For the 
identity to be fulfilled, it is necessary and sufficient that C be in the set 8 
of points common to these planes. For the set S to be not vacuous, it is 
necessary and sufficient that D be a straight line or a plane curve. In the 
first case the polar planes are co-axial to yield alternative (ii), and in the 
latter case they have a single point (@1, a, @;) in common, as in alternative (1). 
Returning to the proof of the necessity of the condition o2. = const., in 
order that the equation of state be separable, it is clear that the product 
(q: + o2G2) + .29’2) must be separable, consequently the identity in 
Lemma 1 must be satisfied by the curves 
Cz ty =— = (P), C2 = — Y's = (Pp), Ls = (p), 
D: Y2 = 02° = y2(8), Ys = y3(S). 
If C were a point (d1,@2, a3), it would follow that 
= — 0:91" + G1, Qo? = — 0291? + Co, = const., = const., 
and hence that gi, g2 are both constant or else linearly dependent, neither of 
which is possible, since gi, gz designate linearly independent solutions of 
q’ —0’*q =0. Thus C cannot be a point. The projection of D on the plane 
y; = 0 is the parabola y,7 = ys, so D cannot contain a straight line segment. 


Consequently D is a point, and o, is a constant as stated. 
These results lead to the following theorem. 


THEOREM 6. The rotational, isoclinic flows of a gas with a separable 
equation of state subject to the conditions in Theorem 1 are equivalent to 
trrotational, Prandtl-Meyer flows under the Munk-Prim Substitution Principle. 


6. The case Equation (26), like (28), plays two rdles, 
depending on whether q, or 6, is taken to be an assigned function of p, y. 
Taking (26) in its second réle, we prescribe 6 = 6(y) and take q for unknown 
function. We suppose & 0, so that the stream lines lie on a family of 
non-parallel straight lines and term such flows rectilinear flows. For recti- 
linear flows (26) reduces to (qpp/6y)y = 0, the general solution of which 


(43) O40, (‘= d/dy), 
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involves three arbitrary functions P(p), Wi(w), Y2(y). If we specify these 
arbitrary functions, we obtain a definite Bernoulli function q(p,y) corre- 
sponding to which the prescribed function @(y) yields a solution of (26), 
and, on substituting for g, @ in (27), we obtain a solution (14) of (6) for 
which the density function is given by 


(44) p=— 6? + ¥,)7(P+ 


Conversely, if we start with a density function of this type, (6) will 
permit solutions (14) for which 6 = 6(w), i.e., rectilinear flows are possible. 
To obtain them, one substitutes from (44) into (15) and adjusts the arbitrary 
functions po(W), go(y) so that the Bernoulli function is given by (43). The 
desired solution (14) of (6) is then obtained by substituting for q, 6 in (27). 

Introducing the entropy S as in Section5, we obtain the theorem in view 
of (23). 


THEOREM 7. For a fluid to permit rectilinear flows under the hypotheses 
of Theorem 1, it is necessary and sufficient that the equation of state has 
the form 


(45) p——o(P’ +o:p + 02)*, d/dp, 


where P is any non-linear function of the pressure p and a, 01, o2 denote 
arbitrary functions of the entropy S, subject to the conditions gq > 0, p > 0. 
Further insight into rectilinear flows is given by the following theorem. 


THEOREM 8. Under the hypotheses of Theorem 1, the necessary and 
sufficient conditions for the isobars to be orthogonal trajectories of the stream 
lines is that the stream lines lie on straight lines. 


If we let K denote the curvature of a stream line this theorem is an 
immediate consequence of the relation 2pty-+ ypyy = qK(ds/dp)*, derived 
by substituting for zp, yp from (22) and for zy, yy from (6) with the help 
of (21). 

Consequently if the stream lines lie on straight lines LZ the isobars are 
the involutes J of the evolute H enveloped’ by the straight lines. 

To confirm and elaborate upon this result, we substitute for qg from (43) 
and put 6=6(y) in (27) to obtain 


sin — P’ cos 8, y =— f¥, cos 6d6 — P’ sin 0. 


and this, upon integration by parts, yields 


(464) (%/8) cos — (P” +- ¥,)cos 8, 
y = f (¥,/8)sin — (P’ + ¥,)sin 6. 
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If we let R denote the radius of curvature of EF and r be the are length of F 
measured from some fixed point Py) on F, the equations of the involutes 


of are 


(47) a= cos + (a—r)cos 8, y= fRsin (a—r)sin 8, 


Figure 6. 


in which a specific involute is obtained by assigning a definite value to the 


a constant a. Comparing (47) with (46), we set 
nd (48) R=W,/6, T=, a=— P’, 


Consequently the stream lines in (46) lie on straight lines enveloping a 
curve whose intrinsic equation R= R(r) is obtained by eliminating y 
from the first two equations in (48). It follows that EF is uniquely deter- 
mined up to rotations and translations by prescribing the arbitrary function 
v,(y). The third equation in (48) determines the pressure to be assigned 
to each involute J in its rédle as an isobar, provided, of course that P’ ~ const. 
From (43), (44) it is clear that neither the lines of constant speed (isovels) 
nor the lines of constant density (isopyenics) are necessarily the same as the 
isobars, as is always the case in irrotational flows. 

The arbitrary function ¥,(y) may be chosen so that # is any curve in 
the physical plane with a continuous radius of curvature, for if R = R(r) 
is the intrinsic equation of F, it is sufficient, from (48), to take any solution 
of the differential equation ¥, —@R(W,) for VW. 

Concurrent straight lines are characterized by R =O, and therefore, 
from (48), by the condition ¥, — const. 
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Referring to Figure 6, if we denote the distance a— 7+ measured along 
L from its point of tangency with £ to the isobar J by s, it follows from (48), 
(43) that s = — qp/9. Consequently if p passes through a value p* at which 
Gp» Changes sign, the flow changes from subsonic to supersonic or vice versa 
and s passes through a maximum or a minimum. This would lead to two 
different sets of flow quantities for the same point of L, which is impossible. 
It follows that p cannot be allowed to pass through any such value p* and 
consequently that a stream line need not occupy all of the straight line L 
upon which it lies, at least insofar as our analysis goes.*® 

Summing up these results we have the theorem. 


THEOREM 9. The stream lines in the rectilinear flow of a gus having 
the density function (44) with preassigned functions 6, ¥. may be made to 
lie on the straight lines enveloping any gwen curve E in the physical plane 
with a continuous radius of curvature by properly choosing the arbitrary 
function ¥,. In particular, the straight lines will be concurrent if, and only 


if = const. 


As in Section 5, the equation of state (45) will be separable if, and on!) 
if, the product (P’ + 01)(P + oip +2) is separable. 


Lemma 2. The product (P’+06:)(P+o,p+0:.) is separable, if, and 
only if, one of the following alternatives holds. 


(i) P=—apt+e; (ii) 
(iii) P=cpt Co, Co +o. 


where C1, C2, k denote constants. 

It is a simple matter to verify that any one of these alternatives is 
sufficient. 

To prove that the three alternatives exhaust the possibilities, we exclude 
(i) and show that either (ii) or (iii) must hold. 

Under the hypothesis o, = c, the product (P’ + ¢,)(P + ¢,p + o2) must 
be separable and, since (i) is excluded, the factor P+ c,p+o, must be 
separable, which can only be the case if o2 = const., i.e., if (ii) holds. 

If, on the other hand, o, #0, we differentiate the identity 


(48)  (P’ +02) — PP’ +(pP’)o, + + po,? +0102, 


§S. Bergman, The hodograph method in the theory of compressible fluid. Brown 
University Publication, Providence (1941), in which the flow of a polytropic gas for a 
compressible source or sink is investigated and the analysis is restricted to the exterior 


of a “ limit cirele.”’ 


| 
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partially with respect to p and S, and, since the result must be separable, 
we may write (pP)”o, + + = IS, 1 = = which, 
on dividing by 20,0, may be replaced by —(pP)”(20,)- — P”’é.(20,6,)7 
+ 113, = 1, 3, = (20,0,)3, to which we apply Lemma 1. Since o; ~ const., 
either one of 

(a) —(pP)” =a, — P” =, II = ds, 

(b) (20,)7 b, G2 (2010,)~ be bs Vms, 
must hold. Under (a) the first two equations imply a, 0. Consequently 
P=c,p +c. and therefore 

(P’ + 01)(P+oip+o2) = (4: +01) + 01) p + + o>]. 
For this to be separable it is necessary that c. + o.—k(c,+0,), and we 


arrive at alternative (iii). 
Taking up (b), we eliminate V from the first two equations and integrate 


to obtain 
where m, 0, since if m, = 0, the first equation in (b) implies o, = const. 
If we use (49) to eliminate o, from (48), the identity becomes 
(50) m,(P’ + 01) (P + + 02) = + miP)P” 
+ {er +[ (mip + mz)P]’}or + (mip + m2 + + por’. 

Differentiating partially with respect to S, we obtain a necessary condition 
for separability which, provided » +40, may be identified with the identity 
in Lemma 1 for the curves 

C: %=—¢,—[(mp + m2) PY)’, = — (mp + m, + pP’), 
t3(P), 


D: = (3p0,7)", Yo = Ys = y3(8). 


= Clearly D cannot be a point or straight line segment, so C must be a point. 
Now 2;, x. can both be constant only if m; 0, and since actually m, ~9, 
the assumption » 0 leads to a contradiction and must be rejected. 
For » = 0, the condition for separability of the product in (50) assumes 
the form of the identity in Lemma 1 for the curves. 


C: (e+ mP)P’/ (mp + me), 
=— + [(mip + m2)P]’}/(mip + m2), = 23(p), 


Yo = Ys = y3(S). 
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As above D cannot be a point or straight line segment, so C must be a point, 


This time, however, for z,, x, to reduce to constants it is necessary that PP 
be a linear function of p and proceeding as in (a), we are led to alternative): 


(iii). 


Lemma 2 is used to prove the following theorem. 


THEOREM 10. Under the hypotheses of Theorem 1 the stream lines in i 
the rectilinear flow of a gas with a separable equation of state must lie onf 
concurrent straight lines and the flow upon them is equivalent to an trroteF 


tional flow under the Munk-Prim Substitution Principle. 


For a rectilinear flow with the Bernoulli function (43) it is easy to . 
verify that (23) reduces to dp/ds ——1/P”, and, if the pressure gradienth)” 


is to remain finite for a gas with a separable equation of state, alternative 
(i), (iii) in Lemma 2 are ruled out. Under alternative (ii) both o,, o2 arp 
constant in (45), the straight lines are concurrent by Theorem 9, and the 
flow upon them equivalent, from (43), to an irrotational flow under thef 


Munk-Prim Substitution Principle. 
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ON THE ASYMPTOTIC SHAPE OF THE CAVITY BEHIND AN 
AXIALLY SYMMETRIC NOSE MOVING THROUGH 
AN IDEAL FLUID.* 


By Francis SCHEID. 


Introduction. This paper continues and in a sense completes that of 
Levinson [1] in which it is shown that the application of Green’s theorem 
to the problem described in the title leads to a singular, non-linear integro- 
differential equation which can be written in the form [2] 


(3. 10) + const. + O(1/2), 


where x is distance from the tip of the nose measured along the axis of 
symmetry, r= f(x) is the equation of the free boundary, ¢ is a harmonic 
function such that V + ¢, and ¢, are the x and r components of the fluid 
velocity, V being the velocity at infinity, and the remaining symbols denote 


surface integrals whose exact form will appear as we proceed. 


The problem of cavity shapes in two dimensions has received considerable 


» attention, the principle technique being that of conformal mapping. How- 
H ever, in the three-dimensional case no general method is known. For the 


problem at hand Levinson’s result is 


(1. 4) f(x) = (cav’*/log’ x) [1 —(log log x) /(8 log x) + O(1/log x) ], 


| where z is large and c constant. In obtaining this result certain assumptions 
» are made involving the smoothness of f(x) leading to an asymptotic appraisal 


of the integrals in (3.10) which then gives a weighted mean of f(z). (1.4) is 


| then a consequence of what amounts to a Tauberian theorem. 


Here we make the additional assumption that the unknown quantity in 
(1.4) has a derivative which is 0(1/z log? x) and find by differentiation 


(1) = (f(x) /2x) [1 —1/(2 log 2) + (log log «)/(4 log? «) 
+ 0(1/log? 2)]. 


In Part I which follows, the integrals in (3.10) are reduced to a form which 


| makes their reappraisal a matter of substitution and computation. Details 


are provided so that in Part II we may extend (1.4) to 


* Received June 9, 1949. 
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f(x) = (cav*/log’ a) [1 —(log log x) /(8 log x) 
+ (1/4 + glog (3c) )/log x +- (5/128) (log log x/log x)° 
— (7/32 + (5/16) log $c) (log log z/log? x) + O(1/log? z) ]. 


The nature of the computations necessary to continue this series makes it 
apparent that the shape of the nose, except for the general assumptions already 
made, has no effect upon the asymptotic shape of the cavity wall. 

Other equations obtained by Levinson which we shall use are: 


(2.17) gn = (f'(z)) (1+ f?(2))*; 

(3.5) if |y| 

(3. 15) ff cos dS = — 2a + O(f? (x) /2?) ; 
(6. f(r)) + $B(z) + O(a4); 

(6. J, = 

(6.7 Js == O(27"**) 


(6.15) B(x) — f “72(t)dt — const. + (1/4) f dt, 


where = — f — 1/4 f?(t) /t]dt; 


FOL + const. + f dt, 
where Fy f ()/(t-+1) — 


(6.19) R(y) = | H(n)/n dn—2yH(y) ; 


loga 


(6.20) H(y) = ct —4R(y)/p + (1/4) dn, 


More recently M. I. Gurevich has obtained the same result as Levinson, 
but in an entirely different manner. Gurevich’s paper appears in Prikladnaia 
Matematika y Mekhanika, vol. 11, No. 1, and is titled “ Flow past an Axi- 
symmetric Semi-Body of Finite Drag.” 


Part I. Reappraisal of the Integrals. 


We consider first J; = f (1/R—1/(€+1))¢ndS. The second 


wy 


term gives, using (2.17), (1), and (1.4), 


W 
N 
F 
a 
1 
4 
3 
3 
: 
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(f (€)/(Eé +1) ]d (€))/(€ + 1) ] dé, 
where the last term is of the form const.-++ O(1/z). The first term gives 


Now | = 0(Log 2/2). 


For Q, we have 1/R = [(a— é)? + r? + p? — 2rp cos(6 — A) ]# 
= [1+ =1/(e—&) + O(f?(2)/2*) 


and so 


> 


=Q;+Qs. But | Q, |S const. t(é)f 
< const. f*(x) /x* f == 0(1/z2). 


Next we have 


=Q;-+ Qs, where =2/log"x. Using (1.4) we find 
| Qs | [1/(«#— b) ]f?(b) S const. b/ (log? b) (a — b) = O(log? 
We choose n= 1. Once again using (1) we have 
.=— f [1 + O(1/log x) |f?(€) /2é(a — €) dé. 
b 
32/4 
Since f dé/(x—€&) is bounded for large x, the error term contributes 
b 
O(log-*/? x). Thus 
3a/4 *83a/4 
b 
+ O(log*/”? 
F(x) (log 4) /22—J PW 
+ x) 
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—— (log 4) /2z + O(log -* 2) 


3a/4 b t 
= — f?(x) (log 4) /2a— 0; — Qs + O(log*/* z). 


In Q, the integrations can be performed so that 


(los 4+ O(log" xz) )d/dt(f?(t) /2t) dt 
< const. [f?(32/4) /(3a/4) — f?(x)/a], and now using (1. 4) 
< const. [ (1/ (log? 32/4) — 1/(log# z) ) 
—( (log log 32/4) /4 (log 32/4) */* —-(log log x) /4 log®/? x) 
+ 0(log-*/? 
= O(log*/* x), where the following identities are used: 
(A) log log 37/4 = log log x + O(log x) 
(B) log-/? 32/4 = x + O(log-*/? 
(C) log-*/* 37/4 = log*/? + O(log’*/? z). 


In Qs carrying out the é integration gives 


OP log [(2—d)/(@—t) Jat, which by (1) 


= (PW /AP log t)[—1 + (log log t/(2 log 
8a/4 
+ 0(1/log t)] log [ /(a—t) Jat. 
Over this range of integration log [(«—0)/(a—t)] is bounded; moreover, 


by (1.4), 
f2(t) /(tlog t) < k/log?/? t < k/log*/? b = O(log-*/? x), 


k being a constant. Accordingly in Qs, the last two terms in brackets con- 
tribute O(log*/?z). Noting also that log b) = logx+ O(log”) we 
have 
38a/4 
0, f (f?(t) log t) (log — t) dt + O(log? z). 
b 
Now 
(f?(t)/t log t) — (f?(x) /# log x) 
< f?(xlog” x) log log (x x) ] — f?(x) /z log x 
< const. (log-*/? b — log-*/? x) + O(log? x) = O(log’ z), 
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where we have used the identity 


(D) (log r—n log log log-*/? (log? x) 


So replacing f?(¢)/(tlogt) by f?(z)/(wlogz) in Qs gives an error of 


32/4 
O(log?) | dt/t = O(log“? x), 
b 


the logarithm in the integrand being bounded as before. But now 


Qs = (f?(x)/(42 log z) ) (x/t(a—t))dt + O(log*/? 


and since log —log (2 —t) < kt/x, the remaining integral is bounded, 
so that = O(log"? z). 
In summary then, 
+ const. + O(log? x). 


Next we consider J, = —= vf [1/R—1/(é+1)]¢n dS. Using (2.17), 


(1) and (1.4), the second term becomes 


1) dé+ O(1/2). 


1) 
The first of these integrals occurs with the opposite sign in J, and for the 
second, using (1) and (1.4) we find 

| F(x) f(x) — FE) P(E) | < — £(52/4) f (50/4) 

= 4c?[1/log4 — 1/log? (52/4) — (log log x) /(4 log*/? x) 
+ (log log 5/4) /(4 log?/? 54/4) ] + O(log? x) 
= O(log-*/* x) just as before, using identities almost the same as (A), (B), 
e 


and (C). Accordingly, since / (é +1) 5/4 + O(1/z), f(é)f' (é) 


may be replaced by f(x)f’(x), introducing an error of O(log-*/?z). Hence 


f HEP (E/E +1)dé= f(x)f’ (2) log 5/4+ (log-*/? x), 


= (f?(x) /2zx) (log 5/4) + O(log-*/? 7), by (1). The second term in /, 


therefore contributes 
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(é + 1)dé + /22) (log 5/4) -+ O(log-*” 2). 


The first term in 7, is — Sf (1/R) dS 


——2 ff 
— 2rp(1 + cos(6—A))]# dS 


-—2 


ir 
f (r + p)*® —4rp cos? da dé 


3 
( 4(4rp)-4(a? + sin?) da dé, 
9 


where we have used (2.17) and made a change of variable in the inner 
integral, and where 


€)? + (r+ p)? — 4rp)/4rp = [ (x — €)? + (r — p)?]/4rp 
= ((x— €)?/4rp) (1 + (r—p)?/(z— €)?). 

Now whether or 2, (r—p)?/(x— < f/?(32/4), so that 

(2) a? ((«— é)*/4rp) (1 + O(f?(x)/2*)). 


It is convenient to split this last integral into the following pieces: 


R, = part for which 7, 
R, = part for which or 7, 


R, =part for which 52/4 or 32/4 SEX 


where 2; and 2, denote respectively 8,, 2 — and 
2/5, 


ir 
To treat R,, we note that f [ (a? + sin? A)-§— (a? + dA 
0 


— —sinta) (a? + sin? a)-A(a? (a? + sin? 


+ (a? + 


ir 
f const. A dA = const. 
e7 0 
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Consequently, replacing (a#?-+sin?A)4# by (a?-+ A*)4# in R, introduces an 
error of < const. d,f(z)/x (by (1) and (3.5)). This error will be O(log z) 
if we choose 


(3) 


3, —b/f(z). 


Hence 
ar 
2 “(Ce dé + 0 (log 2), 


| with 5, as in (3). But the d integration can now be performed and 


f FOP OM + de + (a + 
+ O(log x). 


Now log{[4x + (a? + 1?/4)4]/| a |} = log (x/| |) + O(a?), and observing 
that by (2), O( (4 — €)?/rp) = O(8n/r?) = O(log" x), we find using 
) (3.5) that the term O(a?) in R, contributes 


< const. (log’-*" [f (22) — f(a) ] 
< const. (log’-*" (by the mean-value theorem) 


ner 


= 0((log*-*" x) (x) =-O(log**" xz) by (1) and (3). 


The same argument shows that the log x term contributes O(log” x) so that 


R= 2 [FOP | |) dé + O(log 2). 


21 


log | | — $ log a — log{[ )*/4rp][1 + O(f2(2)/2*) 


By (2), 


— log + 0(1/2). 
As above the term O(1/x) contributes O(1/x); furthermore by (3.5) and 
(1.4), | log 4rp | < log 8r? = O(log r) = O(log), so again as before this 
term contributes O(log*" x) and 


Now f |a—é€|d&—2 f Tog p dp = log 8,, — 8n) < const. log x, 
70 


so that | | S const. 8 log zf(z)/z + O(log’ = O(log*™ 2). 


We next turn to 


| é 
4 
i 


* 

* 
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To simplify this integral we note: 

(A) Replacing [1+ f’?(é)]* by 1 introduces an error of 

< const. (f(x) /x)* (f(r) = O(a), 

where (1), (2), (3) and (1.4) have been used. 

(B) Replacing p! by 73 introduces an error of 

< const. (x) /Bx]Max | r—p |/f (x) (3 + 
< const. [f (x) [xf (2) 

by the mean-value theorem, = O(2-’*). 


(C) Replacing a* by (2— é)*/4rp introduces an error of 
< (kf(x)/2) @ — [(w@— 8)*/4rp + sin? 
0 
O[ (f(x) (x) /8n] = O(x4). 
(D) Replacing p by r in this same radical gives an error of 


x €)?/4rp + sin? A] (x — €)?/4r? + sin? 

xX €é)*/4rp + sin? + [ (2 — €)?/4r? + sin? 

xX [ (a — €)?/8r? + sin? 


= O(a-°), where k, as above, denotes a constant and where the mean-value 
theorem has again been used. 


(E) Replacing f(é)f’(€) by f(x)f’(x) gives an error 
f [ (a — €)? + 4r? sin? dadé. 


Now for 2, | f(é)f’(é) —f(x)f’(x)| < f (as) f’ (as) —f (2) (2) 


| 
| 
| 
| 
| 
| 
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= [f? — f?(w) — [f*(ws) / (Ars log as) — f2(#) log 2) 
+ {[f? (#2) log log ]/ (82s log’ xs) — [f?(x) log log 7] /(8z log? x) } 
+ O(log? 
= 0(a*/*) + O(log*/? x), where the mean value theorem is used to estimate 
the three differences, and (1) and (1.4) are used as usual. An almost 


identical calculation obtains the same result for é > 7; accordingly the above 


error is 


< const. (log-*/? (f + (a — &)? + 4r? sin? A] 
0 22 


= const. (log~*/” x) {lost [a3/5 4 (49/5 + 4r? sin? 
0 
+ (8, + 4r? sin? A)3]}da 


< const. f log dk = x). 
0 


At this point then we have: 


= (— (f+ f +40 sin? A] 4dadé 
+ O(log-*/? x) 


73/5 


ar 
= (— (2) 2 (p? + 4r? sin* A)-*dpda + x) 


after changing the order of integration and making a simple change of 


variable. Now integrating, 


ir 
R, = (— f(x) (2) f log + (x°/> + 4r? sin? A)4]/[8, 
0 
+ (8, + 4r? sin? 4)#]}dA + O(log?” z). 


Since 
log[a*/> + + 4r? sin? A)4] = (3/5) log x + log 2 + O(a-*) 
we find 
R, = — 2f(x)f’ (x) [(3/5) log + log 2] 


+ (4/r)f(x)f’(z) {Tog + (8 + 47? sin? dA + O(log x) 
70 


— 2f(x)f’(x)[ (3/5) log x + log 2] + O(log??? z) 


+ (2) log +f “log a+ (at + aa], 


* 
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where a = 8,/2r = O(log?” x) and so is small. 


ir 
Consider f [log(a + (a? + sin?A)*) —logsinA]dA. This tends to 
0 


zero with a. However, a calculation involving the Maclaurin series in powers 
of a leads to a divergent integral; so we let a= b? and have by the mean 
value theorem : 


| log [b? + (b* + sin? A)*#] —log sin A | < | | Max | 20/(b* + sin? A)! | 
= | | (2/sin A)* = (2a/sin 


so that 
ir ir 
f [log(a + (a? + sin? A)*#) — log sinA]dA < f (2a/sin A)#ddr 
0 0 


= 0(a*) = O(log4*-"”” z), 


bets + (a? + sin? A)*#)dr he sin AdA + O(log*-"? 
= (— 7/2) log2 + O(log*-"’? z). 
Using this in R, gives 
R, —— 2f(z)f’ (2) [(3/5)log 2 + log 2] 
+ (4/1) f(x) [(/2) log (2r) — (2/2) log 2] + x) 
+ O(log-* 2), 
or 
= f(x)f’ (x) [log f?(x) — (6/5) log « — log 4] + O(log-*-"/? 
+ O(log x). 


And now 


— 2 (f+ 


ir 
4[ (a — €)? + (r+ p)? — 4rp cos? A] 4dadé. 


In this last part of J, we may use the series for the elliptic integral so that, 
since | —é| = 2*/5, 


— + (r+ /2%) + 1]. 


| 
| 
| 
| or 

| 
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This gives 


X [1+ O(a”) 


The error term contributes 
5a/4 
< const. dé/| | = O(a). 
To simplify the other integrals note: 


(A) Replacing [1 + f’()]+ by 1 gives an error of 
< const. r[f?(x) /a?]a-9/5 O (2-9) , 


(B) Replacing [(a— €)? + (r+ €)?]> by | c—é|> gives an error of 
5a/4 
< const. dé/| = O(2**). 
With these changes 


Using (1), this becomes 


/4 


+ (log log €)/(4 log? é) ]dé/| E— x | + O(log’? 


Now for é > 2, 
f?(x)/a— f2(é)/€ | S — f? (5a /4)/ (54/4) = O(log*/? 2), 


where we use (1.4) exactly as before; for é< 2, the argument is again 
almost the same and the result identical. If then in R, we replace f?(é)/é 
by f?(a)/a, the error introduced into the first term is not small enough, but 


in the last two terms it is 


5a/4 
< const. log-*/? x f dé/(é— x) = O(log” z). 


Again using identities very similar to A, B, and C we find almost at once 
that replacing 1/logé by 1/logz and log log é/log?é by log log z/log? x 
introduces errors which are O(log*/? x). Accordingly, 


24) + 1/ log 2)) 


/4 
+ (log log z) /(4 log? )]} (dé/| €— 2 | + O(log-*/? 2) 
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5a/4 
--(f ) (f2(€) /26)dé/| E—2| 


— [f?(x) /2x][— 2/5 + (log log x) /(5 log x) ] + O(log*/? 2). 


Calling the remaining integrals Ay, 


R= (f+ “YEP | 


a /4 


= — [f?(x) /2x][ (4/5) log x — 2 log 4] 
ALS. — (f2(t) /2t2) | 
— [f? log « — 2 log 4] 
FS 


[(f(t)f (t)/t) — Jdédt/| |. 
Now by (1), 


(F(t) P(t) /t) — (P(t) /2#*) 
= [f?(t)/2t] [(—1/(2 log + (log log t)/(4 log? t) + O(log-*t) J. 


4 
> 


Since the first and third integrals have constant limits they can be calculated 
directly and are O(log*/? x), so that 


R, [f*(2)/22][ (4/5) log « — 2 log 4] 


+ (log log t) /(4 log® t) |dédt/| E— a | + O(log*/” 


— — [f?(x) /2x][ (4/5) log — 2 log 4] 


+ (log log t) /(4 log? t) Jlog[ («/4)/| «—t |]dt + O(log-*? 


Again as before, for ¢ > a, 
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/x log x) — (f*(t)/t log t) | 
< [f?(x)/2 log x] — [f?(54/4)/(5x/4) log (54/4) ] 
= O(log’? z) 


similarly for x. Also 

I[f2(z) log log x/z log? — [f*(t) (log log t) /(# log? t)]| = 0 (log-*” 
both for and t<-z. In R, these differences contribute O(log x) 
so that 


R, = — [f?(x) /2a][ (4/5) log x — 2 log 4] 
+ {[f?(x)/(4e log x) | — [f?(«) (log log x) /(8 log’ x) ]} 


5a/4 7? 
(f + { ) togl (2/4) / a — t |]t“*dt + O(log’ x) 
= — [f?(x) /2x][ (4/5) log  — 2 log 4] + O(log?” a), 
since direct evaluation of the remaining integrals shows them to be O(1). 


In summary then 


h= | f(Or(O/(—E+ 


82/4 
+ [f?(x)/2e] [log (5/4) + 2/5 — (log log x) /(5 log x) 
— (4/5) log x + 2 log 4] 


+ f(x) [log f?(x) — (6/5) log « — log 4] 0 (log=*/? 


nas 
+ + log 5 + 4] + 0(log*/*2). 


Next we consider 


1/R = [(x— + 1? + p? — 2rp cos(@—A) 
= (1/é—2) [1 + 
—1/(¢—2) +0(1/). 


| 
ed 


yaanots 
So 
ff + E+ 1) + + 
——f [e+ Od + 0(1/2). 
Replacing «+1 by « and +1 by € both give errors less than 
f O(1/2), so that using (1), 
——f Oat 00/2) 


52/4 


Pode e—2) =f “Pp 
5a/4 5a/4 
rela 
— [f° (2) (log 5) /2] 


+ log®/? t) dédt/E(é— 2), 


where we have used (1) and (1.4) and changed the order of integration. 
Of the two remaining integrals the first is 


< f 0(1) dt/t O(1/z log-*/2 2), 
wv 52/4 
and the second is 
< blog? f f (5dé/&) dt /t O(1/2x log-*/? z) 
5a/4¢ t 


and so J; = — log 5 f?(x)/2% + O(log*/* 2). 


| Now 
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Finally we treat Jz—= f cosy/R*dS. Using (6.5), 


+ 4B(z)] Sf. cos d8 


— (1/4n) — B(E)] cos y/R? + O(r4), 
and now by (3. 15) 

J,—— C,— 3B(z) + O(B(z)/x) + 81 + O(r4), 
where 8, is the remaining integral. By (1) and (1.4) 


B(2) < const. 1/(t og! t) dt — (log 2), 


so that the first error term in Jz above is O(a). 
Now let W:, be that portion of W. for which é is between +—b and 
t+ 6, and let Wz. be the remaining two portions. Then in W,, 


| B(x) — B(é)| = [S| | 


= O[b/(x log x) | = O(log x), so that from this region S, receives a con- 
tribution of 


<klog"z ff —cosy/R? dS < k — cos dS 
Wa We 
O(log 


k being a constant and n arbitrary. 
Furthermore, since B(x) = O(logz), the contribution to 8, from the 


region Wo» is 


< klogz SS. f(€)b-*dédaA = O (2 == 


Consequently J, = — C, — 4B(z) + O(log z). 


Part II. Calculation of New Terms. 


Inserting (6.5), (6.6), (6.7%) and our reappraisals of I2, and 
J, into (3.10) we have 


B(x) = FOP const. + [f*(2) log [f(2)/2] 
+ 4dc*[log-4 2 — (log log x) /(4log*/? z)] + O(log-*/* zx), 
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where d = 4 — log 4; now by using (6.15) and (6.17) this becomes 


B,—Fy = (1/4) dé — (@)/2] log [2/f(2)] —K/A 


+ 4dc*[log+ « —(log log x) /(4 log*/? ] + O(log*/? x), 
where K is a constant. By (6.15) and (6.17) 


F, TOPO /(E +1) —PO/AE — 
As usual, replacing + 1 by é gives an error of O(1/z), so using (1) 


Fy, log? dé + O(1/z) O(log*/? 2). 


Accordingly, letting f(z) = ah(x)/log’/* z, we have f h? (€) /é log*é dé 


= 4h?(x) log4a[4 log x + (1/4) log logx—logh(x)]+ K 
— 2de*[log™ « —(log log x) /(4 log*”” x) ] + O(log*/* z). 


Substituting y—loga, h?(z) = H(y), b=loga, and using (6.19), this 
becomes 


R(y) =K+ y*(logy)H(y) — 2y4H(y) log H(y) 
— 2de*[y*# — y*/? (log y) /4] + O(y*”), 


and so by (1. 4) 
R(y) = K + O(y***) + c’y log y— (4c? log ¢ + 2dc*) y4. 


Using this expression for R(y) in (6.20), carrying out the integrations and 
combining terms, we find: 


H(y) = c*[1 —log y/4y + (log ¢ + 1/4 + d/2)/y] + O(y**). 


Returning to our first expression for R(y) above, and using this latest value 
for H(y), direct substitution followed by recombination of terms gives: 


R(y) = K + cy log y — 2c?(2 log ¢ + d)y4— c?y-*/? (log? y) /4 
+ log + 3/4 + log y + O(y*?). 


Now substituting this value of R(y) into (6.20), carrying out the integra- 
tions and combining terms, we find 


H(y) = c?[1 — log y/4y + (loge + 1/4 + d/2)/y] 
+ 3 log® y/32y? — [3 (log c) /4 + 5/16 + 3d/8]log y/y? + O(1/y?). 


& 

4 

2 

: 
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Using the binomial theorem and recombining, 
(H(y))# = h(x) = —log y/8y + ( (log ¢)/2 + 1/8 + 4/4) /y 
+ 5 log? y/128y? — (5(log c) /16 + 9/64 + 5d/32) log y/y? + O(1/y?) ]. 


Finally, recalling that y=loga and that f(x) —a*h(x)/log’/*z we have 
for f(a) the expression written at length in the introduction. 
The author wishes to express his thanks to Professor Levinson for his 


interest and suggestions during the preparation of this paper. 


Boston UNIVERSITY. 
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ON ORDINARY DIFFERENTIAL EQUATIONS OF ANY EVEN 
ORDER AND THE CORRESPONDING EIGENFUNCTION 
EXPANSIONS.* 


By Koparra. 


The general theory of expanding an arbitrary function in terms of the 
eigenfunctions of a singular differential operator of the second order was 
first given by H. Weyl. An alternative method, based on the general theory 
of linear transformations in the Hilbert space, is to be found in a treatise 
by M. H. Stone.? Recently E. C. Titchmarsh has treated the same theory by 
still another method and obtained some new results of importance for applica- 
tions.* The purpose of the present paper is to generalize the Weyl-Stone- 
Titchmarsh theory of eigenfunction expansions to the case of formally self- 
adjoint ordinary differential operators with real coefficients of any even order. 
Our method is also based on the general theory of linear transformations in 
the Hilbert space and goes along the lines of H. Weyl.* In Section 1 we shall 
give preliminary remarks on the formally self-adjoint differential operator of 
real coefficients, which will be denoted by Z. In Section 2 we shall analyse 
the singularities of the operator LZ. For that purpose, we introduce a complex 
projective space $$, each point of which is associated with a general solution 
of the differential equation L[w] —/- wu, and construct the subsets £,(1), £,(J) 
of $$ corresponding to the “limit circles ” in the theory of H. Weyl.° Further- 
more it will be shown that the formally self-adjoint differential operators of 
the even order n can be classified into (4n + 1)? different types according to 
the nature of their singularities. In Section 3 we shall introduce Green’s 
function and determine the closure and the adjoint of the operator Z. The 
boundary conditions will be discussed in Section 4. It will be shown that, 
under suitable boundary conditions, Z becomes a self-adjoint operator. The 
next section, 5, will be devoted to the proof of the spectral theorem, which can 
be regarded as a generalization of the Weyl-Stone-Titchmarsh results. In 


* Received September 22, 1949. 

* Weyl, [10], [11], [12]. Numbers in brackets refer to the bibliography at the end 
of the paper. 

2 Stone, [7], Chap. X, §3. 

* Titchmarsh, [9]. Another proof of Titchmarsh’s results is given in Kodaira [3]. 

* Weyl, [11], [12]. 

5 Weyl, [11], pp. 221-231. 
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Section 6, the expansion theorem will be deduced from the spectral theorem. 
Finally it will be shown in Section 7 that the spectral and the expansion 


N 
theorems can be readily extended to the case of simultaneous differential 
equations. 
The author wishes to express his grateful thanks to Prof. H. Weyl for 
his encouragement and his aid in acquainting the author with the recent 
results of Prof. E. C. Titchmarsh. 
the 1. Introduction. Consider a formal differential operator 
L = po(x) (d/dx)" + pi(x) (d/dr)"* 
Ory 
a of the even order n = 2v defined in a (finite or infinite) open interval (a, b), 4 
by where each coefficient pm(z) (m=0,1,---,n) is a real valued continuous a 
mm function defined in (a,b) having continuous derivatives up to the order 3 
n—m and p(x) >O0 [or po(t) <0]; for or pm(x) may 
If- behave arbitrarily, e.g. increase infinitely, oscillate infinitely many times.® 4 
id. Furthermore we assume that L is formally self-adjoint, i.e. L coincides with +t 
its Lagrange adjoint or 
all m-1 4 
k=0 
se (m = 1, 2,- 
~ where (,* mean binomial coefficients. For odd m, (1.1)m is rewritten as ri 
mn 
(1.2) m = Om" po ™ (2) — (2) 
D'm-1 (2), (m = 1, 3, 5,- ; 
) { 
while, for even m, (1.1)m follows from +, (1-1)m-+.- 
5 Hence, in general, L is formally self adjoint if the coefficients po(x),- °°, q 
satisfy the conditions (1.2)m, Thus, in our 
operator L, the coefficients po(@), po(X), Pn(x) may be chosen 
. arbitrarily, while p,(x),ps(x),- ++ must be determined successwely by 
”n (1. 2),, (1. 2)s,° 2) 
. Put now 


L[u] = po(x) (d"u/da") pr (x) ++ ++ 


for arbitrary functions u(2) having continuous derivatives up to the order n. 
Then we have Green’s formula 


® These conditions on the coefficients may be replaced by weaker ones, but in the 
present paper we are not interested with such generalizations. Cf. Stone, [7], pp. 448- 
453, Halperin, [2]. 
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(1.3) de = [wo] (x) — [we] (y), 
where [uv](x) means the bilinear form 


[wo](2)— Bu(z)u (2) 


j+kSn-1 
of two “vectors” (u,u’,w’,---,u@)), (v,0',0%,---,v) with the 
coefficients 
(1.4) Buz) = 
h=0 
The bilinear form [uv](x) is obviously skew-symmetric, i. e. 
(1. 5) [wv] (x) =— [vu] 
For + k =n-—1, we have 
(1. 6) By. (x) = 


The bilinear form [uv|(ax) is therefore non-degenerate, since by hypothesis 
Po(x) #0. Now we introduce the “ Wronskian ” 


[Witla Un] = {— = 1,2,- +, 0). 
Then, we have the identity 


where = + means the alternating sum extending to all n! permutations of 
n functions U;, (1.7) is proved as follows:* As one readily 
infers, the left hand side of (1.7) is equal to 


[ wits Un | (— 1)? + By Bos Bas n-19 


> + being the alternating sum extending to all n! permutations of the suffixes 
0,1, 2,- - -,2—1; while, since Bj, —0 for k= n, we get, using (1.6), 


(1/2’v Bo Bos n-1 = Bo n-1B1 By (— 


Hence we have (1.7). 


2. Classification. We shall consider the differential equation 
2.1) =1-u, 


where / means a complex parameter. From (1.3) follows that, if wu and v 


7 This identity can be deduced readily from Green’s formula. 
5 Weyl, [14], pp. 166-167. 
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satisfy one and the same equation (2.1), [wv](x) does not depend on z. 
Combined with (1.7), this shows further that the Wronskian [u,u2- ‘Un | (x) 


of n solutions +, of the equation (2.1) ts a constant. 
In these cases, we write therefore [wv] or Un] for or 
* Un] (x), respectively. 


DEFINITION 2.1. By a regular system of fundamental solutions of the 
differential equation L[w] =1-u we shall mean a system of n solutions 


(2. 2) [sise * Sa] 1, (2. 3) 1) = 5;(z, l), 


and that the functions d™s,(z, 1)/dx™ (j = 1, 2,-- 
are entire functions of 1. A regular system of fundamental solutions will be 
called a canonical system, if the skew symmetric matrix ([sjx%]) has the 
“canonical form” in the sense that 


(2. 4) [ = €Ejk, 


ex being the quantities defined by e~n—1 (for k=j+v), =—1 (for 
k=j—v), =0 (otherwise). 


It should be noted here that (2.4) implies (2.2), as (1.7) shows. 

A canonical system of fundamental solutions is obtained, for example, 
as follows: Choose a fixed point c, a<c< )b, arbitrarily (in what follows c 
means always a fixed point such that a<c<b). Then there exist n real 


vectors 
j,° +, (j = 1, 2, »n) 


such that [eje.|(c) = «jx. Now, under the boundary conditions 
[d™u/dz™ auc = (m=0,1,:--,n—1), 


the differential equation L[w] —1-w has one and only one solution, which 

will be denoted by s;°(2,1). As one readily infers, the functions s,°(z, 1) 
(j=1,2,:--,m) thus defined constitute a canonical system. 

Obviously an arbitrary regular system of fundamental solutions s,, s2, 

‘, 8, is obtained from the canonical system defined above by a unimodular 


transformation 

(2.5) s;(a,1) = UF(1)s°(2,1), (det = 1), 
k=1 

Where are entire functions of such that 


(1). 
Suppose now a regular system of fundamental solutions s;(z,7) (j =1, 


6 
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2,° **,m) as given. Then every solution w(x) of the differential equation 
L[w] =1-w is represented as 


w(x) =f's,(2,1) + f?se(7,1) -+- - f"sn(a, 1). 


We associate with such w(x) the vector f = (f',- - -,f") and denote w(z) 
by w(2,l,f). For the given solution w(x) —w/(z,l1,f), the vector 
f = (f';: - -,f") depends clearly on the choice of the fundamental solutions 
81, 82," Sn: under the unimodular transformation 


(U) 3,(a, 1) = UF(1)s:(z2, 1), (det (U}*) = 1) 


U¥(l) being entire functions of 1 such that =U} (1), fi are trans- 
formed contragrediently to s;, i.e. 


(V) fi = 3 


where (V;/(l)) means the inverse matrix of (U#(l)). Obviously V;(1) are 
also entire functions of 1 and satisfy V;j(l) (1). 


Now we introduce the (n —1)-dimensional projective space $8 and con- 
sider (f', f?,- - -,f") (excluding (0,0,---,0)) as the homogeneous coordi- 
nates of a point in B which will be denoted by (f). If there is no possibility 
of confusion, we write simply f for (f); especially, for an arbitrary subset § 
of %, we write fes for (f) 8. 

Choose a fixed point c, a<c <b, arbitrarily and, for arbitrary 7 with 
ssi ~ 0, denote by mq(l) or mp(1) the linear subspace of $B consisting of all 
points (f) such that w(z2,l,f) is square summable in (a,c] or [ce,)), 
respectively. Since it does not depend on the choice of c, ax<c<J, 
whether w(z,1,f) is square summable in (a,c] (or [c,b)) or not, 
and m,(l) are independent of the choice of c. The linear spaces ma(1), 
my(1) will be called main spaces with respect to the operator L. From (2.3) 
follows 


(2.6) w(x, 1, f) = 1, f), 
whence we get 
(2. 7) ma(1) = im,(1), m,(7) = m,(1). 
For arbitrary / with 3/1 +0, we put 
h(f;2,l) = [ww] (2) (w= 1, f)). 


Obviously A{f;2z,1) is a hermitian form in f and, because of the Green’s 


formnla, we have 
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ation 


(2.8)  h(f32,1) —h(f3y,1) = ae, (S10). 


Hence, for fixed f and 1, h(f;2,1) is a monotone increasing function of x. 
Now we divide the space $ into three parts: 


B° (x, 1) = {(f) 2, 1) = 0}, 
B(x, 1) = ((f) 2,1) < 0}. 


Evidently %*(z,7) and $-(z,1) are open subsets of ¥°(a,1) is a quadratic 

hypersurface, constituting the common boundary of $*(z,1) and $-(z, 1). 
ape: Denote in general the closure of a subset § in $ by [8]. Since h(f;2,1) is " 

a monotone increasing function of z, %-(2z,1) is monotone decreasing in the qi 

sense that B-(y,1) for similarly we have [$*(y, 7) ] 

Putting £,(1) = 1 ¥-(2,1), = B*(a,1), we 
are 

infer therefore that £,(1) and f£,(l) are compact, not empty, and have no r 

common points. Furthermore we have 
(2. 9) f,(1) C ma(l), £,(1) C i 
lity Indeed, if fef,(1), then f lies in all B-(2,1), a<a<b, and therefore, dl 
by (2.8), 
Al? de + <0. | 
all This shows clearly that w(2,1,f) is square summable in [c, 6), proving that | 
b), f is contained in m,(1) ; thus we get the second formula in (2.9). The first 
5, formula can be proved similarly. Again, from (2.6) follows i 
(7) 
l), (2. 10) 2,1) 2,1). 
3) This yields immediately and consequently 

(2. 11) f,(1) =£,(1), = 

Under the unimodular transformation (U) of the fundamental solutions 

mentioned above, the function h(f; 2,1) is invariant, whereas the sets ¥*(z, /) 

and their common parts £,(1), £,(7) are transformed according to the trans- 

formation (V) which is contragredient to (U). 

For our purpose it is convenient to introduce the “ skew-product ” 


® The sets f,(1), §,(1) correspond to the “limit circle” in the theory of H. Weyl. 
See Weyl, [11], pp. 221-231; [13], pp. 235-238. 


(2) B*(2,1) = ((f) 5 > 0}, 
ctor 
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DEFINITION 2.2. By a null plane with respect to 1 will be meant a 
linear subspace p of 8 such that [fg]:1—0 for all f, gep. 


In case the fundamental solutions s,, 82,- - -,8, constitute a canonical 
system, the skew product becomes 


[fg]: — (fig — 
so that, in this case, the notion of “ null plane” does not depend on 1. 


THEOREM 2.1. The sets £,(1), £(l) contain respectively at least one 
(v—1)-dimensional null plane with respect to I. 


To show this we shall first prove 


LemMMA 2.1. Every [$*(y,1)],a< y < b, contains at least one (v—1)- 
dimensional null plane p. 


Proof. As the system of fundamental solutions we may choose without 
loss of generality: the canonical system constituted of the solutions s;°(z, 
(j =1,2,- - satisfying the real boundary conditions [d™s,°(z, 1) /dx™]o~ 
(m=0,1,- -,n—1; 7 - -,n) at the point y. Then, intro- 
ducing a new system of coordinates : 


fi= (fi + 2, fori (fi — (j—1,- 
we have 


Now, assuming that 3/ > 0 (the case: 931 < 0 can be treated similarly), it is 
obvious by the above formulae that the linear subspace p consisting of all 
points f of the form (f?,---,f’,0,---,0), f# being arbitrary complex 
numbers, is a (yv—41)-dimensional null plane contained in [$*(y, 1) ]. 


Proof uf Theorem 2.1. In order to prove the existence of a (v—1)- 
dimensional null plane p contained in f£,(1), we denote (v— 1)-dimensional 
null planes generally by p and the set consisting of all (v— 1)-dimensional 
null planes by Evidently constitutes an algebraic variety without 
singularity in the [C,"—-1]-dimensional projective space. 9 is therefore 
compact in the natural topology. Putting = {p; pC[B*(z,1)]}, we 
have 


(2. 12) {p; =f) R+(z), 
since £,(1) is the common part of all [¥*(2z,1)], a<x<b. On the other 
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hand, 9*(x) is obviously a compact subset of N and, as Lemma 2.1 shows, 
not empty; furthermore +(x) decreases monotonously when x decreases, 
since decreases monotonously. Hence the intersection 


is not empty. This shows, combined with (2.12), that there exists at least 
one null plane p contained in f,(7). As to £,(1) the proof will be accom- 
plished in the same way. 


From Theorem 2.1 thus proved we can deduce some important conclu- 
sions concerning the main spaces mp(1). Let pa, pp be (v—1)- 
dimensional null planes with respect to / contained respectively in £,(1), £,(1). 
Then, since £,(7) C ma(l), C we get first dimm(/) =v—1, 
dim m,(/) =v—1. Furthermore dim m,(l) and dimmp(l) do not depend 
on the parameter 1, provided 3140, as will be proved in 3 below (see 
Theorem 3.2). Putting 


(2.13) —v+ 1, = dim —v+1 (3140), 


we obtain therefore two non-negative integers tg, t, which are characteristic 
for L. 


DEFINITION 2.3. L will be called a differential operator of the type 
(ta, 7), Ta, Tr Deing the non-negative integers defined by (2.13). The sum 
t=, +7, will be called the excess index of L. 


Possible values of rg, t» are obviously 0,1, 2,- - -,v; thus formally self- 
adjoint differential operators L of the order n= 2v can be classified into 
(v-+1)? different types. This classification is a generalization of H. Weyl’s 
one ?° concerning the differential operators of the second order. 

For a later purpose we introduce the space m(l) m(I). 
Since £,(1) and £,(1) have no common point, p, and pp» have also no common 
point, and therefore m,(l) + Pa + Hence we get 


(2. 14) dim m(1) =7r—1. 


The space m(/) is clearly the set of all points (f) such that w(2,l,f) is 
square summable in (a,b). The excess index + is therefore equal to the 
number of linearly independent solutions of the differential equation 
L[u] =1-u which are square summable in (a,b), provided 310. 


8. Green’s function. Let § be the Hilbert space consisting of all 


10 Weyl, [11], pp. 221-231; [12], p. 443; [13]. 
11 1 ” means the “ join” in the sense of the projective geometry. 
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square summable functions in the interval (a,b); the inner product of the 
functions u, v in § will be denoted by (u,v), the norm of wu by || u |. 


DEFINITION 3.1. We denote by D the linear subspace of § constituted 
of all functions u(x) satisfying the following four conditions: 


i) u(x) is square summable in (a,b), 
ii) « the open interval (a,b), u(x) admits continuous derivatives up 
to the order n —1, 
iii) (n—1)-th derivative u(x) is absolutely continuous in every 
closed interval [2,22], (so that Liu] can be 
defined for almost all z,a<x<b), 


iv) Llu] is square summable in (a,b). 


Considered as a linear operator having D as its domain, the differential 
operator LZ will be denoted by T, i.e. we put 


(3.1) Tu=L{u], for we 


Obviously the bilinear form [uv](x) can be defined for two arbitrary func- 
tions u, v in D so far as a<2<b. Furthermore we infer from Green’s 
formula that, for arbitrary u, veD, the limits [uv](a) =lim [uv] (2), 
[uv](b) —lim [uv](z) exist. 

Now we shall introduce Green's function. Let 1 be a fixed complex 
number with 3/540 and p,, p», be two (v—1)-dimensional null planes with 
respect to / contained respectively in f,(/), £,(1). Then, choosing n linearly 
independent vectors f1, fv, fn such that faepe (for «—1, 
2,---,v), feeb, (for B—v+1,---,n) arbitrarily, we put 


(3. 2) G(z, l, Pa, Do) G(y, l, Da; Do) 


where w,(z) = w(a,l, fy) (y=1,- and (Fa¢(1)) means 
the inverse matrix of ([fafg]:). The function G(z, y;1, pa, p») thus defined 
will be called Green’s function. The matrix ([fafg].) is skew-symmetric and, 
since -,fv or lie on the null plane or respectively, 
we have 

(3. 3) = 0, for Sv, and for 2>v,B>v. 


Consequently we see 


(3. 4) Fap(l) = — Fpa(!), 
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(3. 5) Fag(l) = 0, for v,B Sv, and fora >v,B>v. 


Introduce now the important matrix 


=p+1 


Then we obtain, using (3.3) and (3.5), 


. A, 15 = )» 
(1, Pay Po) [8m (1) 8e(2) ] = 


m 


proving the relation 


Similarly we get f 


jm § 0, (f a), 
(3. 8) 22M (1, Pas Po) [Sm(1) sx (1) f* = fi, (fe pr). 


m 


These relations show that M/*(1, pa, pp) is determined uniquely by 1, Pa; Po 
and does not depend on the choice of the points f,,---,fv on Pq and 
fais’ * fn On Py. By using the matrix M/*(1, pa, p»), Green’s function can 


be rewritten as 
(3.9) G(x, Pay Po) = (L, Pa, Po) 8u(y, 1), (t= y). 
Hence Green’s function is also determined uniquely by l, Pa, Pp and does not 
depend on the choice of f1,---,fv,'**5fn appearing in its definition. 
Incidentally, we infer from (3.7) and (3.8) the relation 


(3.10) (1, pas Po) — MI" (1, Pas Po) } [8m(1) 8x (1) ] = 


m 


DEFINITION 3.2. G(1, Pa, py) will denote the integral operator with the 
kernel G(x, y;1, Pa, Pv), that is the operator defined by 


(3.11) G (I, de, bo)0(2) — 951, bo) 


a=1 


v(x) being an arbitrary function in §. 


Since faepaC ma(l) (*—1,---,v), the functions 
= w(z,l,fa) («=1,2,- -,v) are square summable in (a, and similarly 
the functions wg(z) (8 =v+1,---,m) are square summable in [2,)b). 
Hence the integrals in (3.11) converge absolutely; thus the function 
u(x) = G(1, Da, Py) v(x) is defined for all v(z) in §. Now we shall prove 
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that the function u(x) thus defined admits continuous derivatives up to the 
order n — 1, that the (n —1)-th derivative u() (x) is absolutely continuous 
im every closed interval [21,22], < < and that u(x) satisfies the 
differential equation: 
(3. 12) L{u] —l-u-=», 
From the relation 

[fafa]: = [wawe] = Bula) wal? (7) (2) 

+kSn-1 

we get readily 


(3. 13) (2) Bn (2), 


where (B-*y,) means the inverse matrix of (By). Since 


(3.14) = (for j+k—n—1), =0 
(forj +k >n—1), 
we have 


= (—1)4/po(a) (for j-+k—=n—1), 
(for 7 +k <n—1). 


Combined with (3.4) and (3.5), (3.13) yields therefore 
(8.15) Fap(t) (2) — (2) wp(2)} = 0, 

(m =0,1,- -,n—2), 
(3.16) Fap(t) (wp (2) — wal” (2)wp(z)} — 1/po(2). 


Using (3.15), we infer readily that u(x) is differentiable in (a,b) up to 
the order n—1 and that the m-th derivatives u(™) (x) are given by 


v n b 
(3.17) > f wav dy + wa (2) f wav dy}, 
a=1 B=v+1 a 
(m = 1,2,---,n—1). 


Evidently u(™ (x) (m=0,--+,n—1) are absolutely continuous in every 
closed interval [2,72], Especially (az) is differen- 
tiable almost everywhere in (a,6) and, as one readily infers by (3.16), the 
derivative wu) (xz) is given by 


(x) = v(r)/po(x) + Fag(l) {wg™ (2) dy 


=p+l 
+ wa™ (x) f wav dy}. 
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Combined with (3.17), this shows clearly that u(2) satisfies the differential 
equation (3. 12). 
Incidentally, from (3.14), (3.15) and (3.16) follows the identity 


(3.18) — [wav] (2)wa(2)} v(2), 


B=v+1 


which will be used in 5 below. 


THEOREM 3.1. G(l, pa, py) is a bounded linear operator whose norm 
does not exceed | 3l|-, provided 310. Furthermore, for an arbitrary 
function v(x) in §, the function u(r) = G(I, pa, po) v(x) belongs to D and 
satisfies the differential equation L[u] —l-u=—v. 


Proof. To show that G(J, pa, p») is a bounded operator, we take two 
points ¢, 2 such that a< t <2< b arbitrarily and put 


f wav dy + “wpe ay}. 


a=1 B=y+1 


Then u,(2) satisfies also the differential equation L[u,] —1l-u,—v. Hence 
we get, using Green’s formula, 


(3. 19) u, |? de + (1/2831) f “(vas — de 
= — [uri] (¢) } 


Now, as one readily infers by (3.15), u,{™(z) (m=0,1,---,2—1) are 
given by wu,‘ (z) =w™) (z,1,g), where 


B=v+1 


We have therefore 


|] (2) /2131 h(g; 2, 1). 


On the other hand, since fg (8 =v+1,---,m) lie on fp», g lies also in pp, 
while we have p, C £,(1) C $-(z,1). Hence h(g;z,1) is negative and there- 
fore ](z)/2i31 < 0; similarly we get >0. Using these 
inequalities, we conclude from (3.19) the inequality 


t t 


Now, making here t >a, z—>b, we infer from this the inequality 


(3. 20) Jul (u = G(1, Pa, Po)), 


12 We follow the method of H. Weyl. See Weyl, [11], pp. 228-231. 
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proving that G(1, pa, p,) is a bounded operator and that its norm satisfies the 
inequality 

(3. 21) Pas Po) ||| S| >. 

As was already proved, the function u(x) satisfies the differential equation 
(3.12) and the conditions ii) and iii) in Definition 3.1, while (3.20) shows 
that u(2z) satisfies the condition i) in Definition 3.1. Now, using these 


results, we get 


proving that w-satisfies also the condition iv) in Definition 3.1. Thus we see 
that the function u(a) belongs to ®. 


CorRoLLARY. We have 


(3. 22) (T—1)G(I, Da; Do) = 1, (31 0). 


By virtue of Theorem 3.1, we can now prove the following theorem 
cited already in 2 above: 

THEOREM 3.2. Dimm,(1) and dim m,(1) do not depend on 1, provided 
0. 

To prove this, we first introduce 


DEFINITION 3.3. For arbitrary | with 3140, we denote by (1) the 
eigenspace of the operator T corresponding to the eigenvalue l. 


Evidently &(1) can be written as 
(3. 28) G(1) — {w(z,1, f) ; (f) em(I) or f= 0}. 
Combined with (2.14), this yields 
(3. 24) dim € (1) —r, 


7 being the excess index of L. We have now to prove that 7 is independent 


on 

Choose an arbitrary complex number 7° with 31°+40, put, for sim- 
plicity’s sake, G° = G(I°, pa°, Pa°, being (v—1)-dimensional null 
planes with respect to 1° contained respectively in £,(7°), £,(1°), and introduce 
the operator K(1) = 1— Again we denote by C(1°) the circular 
region in the J-plane consisting of all J satisfying |1—1°| < | 9l°|. Then 


7° We follow the method of H. Weyl. See Weyl, [13], pp. 238-247. Cf. also Stone, 
[7], Theorem 9. 8. 
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we infer by (3. 21) that, for arbitrary J in C(I°), the operator K(1) has the - 
inverse K(1)~*. Indeed the inverse is given by the power series 


(3. 25) 

m=1 
converging for Je C(1°) in the sense of the norm: ||| |||. Thus in case 
le C(1°), K(l) is a one-to-one transformation mapping § on itself. Now, 
using (3.22), we get readily (7 —J1°)-K(l)u=—(T—l)-u, (for all ue). 
This shows that K(1) maps &(1) on €(1°) one-to-one. Hence dim €(1) is 
constant in ('(1°), while, by choosing /° suitably, an arbitrary compact domain 
D in the half plane 31 >0 (or 31 <0) can be covered by C(I°). Conse- 
quently dim €(/) is constant in each half plane 31 >0, 31< 0. On the 
other hand, from (2.6) and (3.23) follows €(/) = (1). Hence dim (1) 
does not depend on l, provided 31 0. 

To deduce Theorem 3.2 from this result, we choose a fixed point c, 
a<c<b, arbitrarily, and observe the operator L in the interval (a,c] 
instead of (a,b). The meanings of the notations §, m(1), E(1), ete. are to 
be changed correspondingly, e.g. § denotes the Hilbert space consisting of 
all square summable functions defined in (a,c], m(l) the subspace of % 
consisting of all f such that w(z,l,f) is square summable in (a,c}, 
etc. Then, since every solution w(z,1,f) is continuous in c, we have 
me(1) and therefore m(l) —m,(l), while, as was proved above, 
dim m(1) = dim €(1) —1 does not depend on 7. Hence dimmy,(l) is 
independent on 7. It can be proved similarly that dim m,(1) does not 


depend on I. 
In this connection, we shall prove furthermore 


THEOREM 3.3. As functions of 1, the main spaces ma(l), my(1), and 
their intersection m(l) are holomorphic, provided 310, in the sense that, 
for every 1, with the suitably normalized Pliicker coordinates 
(1), of ma(l), are holomorphic with 
respect to l in some neighborhood of 1p. 


To prove this,’® we introduce 


DEFINITION 3.4. Let r(az,1) be a square summable function of x defined 
in (a,b) depending on the parameter | and D be a domain in the I-plane. 


14 Generally, the homogeneous coordinates of a geometric object are said to be 


normalized, if one of the coordinates is equal to 1. 
15 We follow the method of H. Weyl. See Weyl, [13], pp. 238-247. I am indebted 


to Prof. Weyl for suggesting to me to apply here his direct method. 
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‘ Then r(2z,1) is said to be holomorphic with respect to 1 in D in the sense 
of the norm: || ||, if, for every point ly in D, r(a,1) can be expanded into 


the power series 


r(a,l) = (1—1y)™, (rm(x) §) 


converging in the sense of the norm: || || in some neighborhood of |). 


LeMMA 3.1. Let a compact domain D in the half-plane 31> 0 (or 
Sl <0) be gwen. Then we can choose a base {ro(z,1);0—1,2,- - -,7} 
of the functional space €(l) so that ro(z,l) are holomorphic in D with 
respect to | in the sense of the norm: || || and that, for every fixed z, 
a<az<_b, the derivatwes d™ro(z,1)/dx™ (m=0,1,- --,n—1) are holo- 
morphic in D with respect to 1 (in the usual sense). 


Proof. As was proved above, we have €(1) K(1)“€ (1°) for le C(I). 
Hence, choosing a base {r°o(z);o—1,- - -,7r} of the space €(1°) arbitrarily 
and putting 
(3. 26) 1) = 


we obtain, for arbitrary Je C(1°), the base {ro(z,l);0—1,- --,7} of the 
space €(1). Now it follows from (3.25) that ro(z,l) are holomorphic in 
C(l°) with respect to 7 in the sense of the norm: || ||. Again we get from 
(3.26) ro(a,1l) + which yields, combined 
with (3.17), 

1) /da™ = dro (x) /da™ + (I—P) SS Fap(I*) 


a=1 B=py+1 


Whence we infer that d"ro(z,1)/dx™ (m=0,1,- - -,2—1) are also holo- 
morphic with respect to J in C(1°). This proves Lemma 3.1, since, by a 
suitable choice of 1°, D can be covered by C'(I°). 


Proof of Theorem 3.3. Let D be an arbitrary compact domain in the 
half plane 37 >0 (or Sl <0) and {ro(z,1);o0—1,2,---,7} be the base 
of €(1) mentioned in Lemma 3.1 above. Then, putting 


ro(Z, 1) = 3;(z, 1) 


we obtain + linearly independent points fo(l) (o—1,2,---,7r) generating 


t 

0 

‘ 


) 


517 


EIGENFUNCTION EXPANSIONS. 


the linear space m(1). The coordinates fo/(1) are determined by the system 
of linear equations 


5;(™ (2,1) «foi (1) =ro™ (2, 1), (mime 
j=1 


for a fixed point z, while s;)(2,1), ro) (x, 1) are holomorphic with respect 
tol in D and 1. Hence fo/(l) are also holomorphic in D, 
proving that the linear space m(1) depends on 7 holomorphically, provided 
0. 

Consider now the operator Z in the interval (a,c],a<c<b, instead 
of (a,b), as in the proof of Theorem 3.2. Then m(l) coincides with m(/). 
Hence m,(/) is holomorphic with respect to 1, and similarly m,(1) depends 
also holomorphically on 1, provided 31 0. 

Now we turn to investigate the operator T. First we prove 


TuEorEM 3.4. T is a closed operator. The domain D of T consists 
of all elements ue § having the following form: 
(3. 27) u—= G(1, Pa, Po)v + (ve$,we€(!)), 
| being a fixed complex number with ~ 0.7° 


Proof. By virtue of. Theorem 3.1, it is obvious that every wu of the 
form (3.27) belongs to D. Conversely, let an arbitrary element weD be 
given. Then, putting 

v= (T—l)u, w= u— G(I, pa, Po) 
we infer, by (3.22), (I —1l)w=0, proving that w belongs to €(1). Thus 
we see that wu has the form (3.27). To prove that T is a closed operator, 


consider a sequence {Um}, UmeD, such that the limits w—lim Um, 
u* =lim Tum, exist. As was proved above, Um can be written as 


Um = G(I, Pay Po) — lum) + Wm, (Wm e E(1)). 
Hence there exists the limit w = lim w» and we have 
(3. 28) u = G(1, pa, Po) (u* —lu) + (we &(1)), 
proving that wu belongs to D. Again, using (3.22), we get, from (3. 28), 


(T—1l)u=u* — lu, or Tu = u*; thus T is a closed operator, q. e. d. 


16 The closures and adjoints of ordinary differential operators were determined by 
I. Halperin under some restrictions imposed on the coefficients of the differential 
operators. See Halperin, [2]. The operator 2 under consideration is not necessarily 
subject to Halperin’s restrictions. 
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It is to be noted here that, for the element u having the form (3. 27) 
we have (7 —1)u =v, as one readily infers by (3. 22). 

It is obvious that the adjoint operator G*(l, Pa, pr) of Gl, Pa, Po) is 
given by 


b_ 
(3. 29) G*(I, ba, Bo) v(x) f G(x, 1, Pa, Po) dy. 


Now, using this, we shall determine the adjoint operator of T, which will 
be denoted by 


THEOREM 3.5. The domain Dy of the adjoint operator Ty of T consists 
of all elements we D having the following form: 


(3. 30) u=G(I,pa,Pr)v, ves—E(l)"; 


thus Do is a subspace of D. The adjoint operator T, 1s obtained from T by 
restricting the domain D of T to Do. To is a symmetric operator. 


Proof. The relation: u* = 7T,)u means, by definition, that 


(3. 31) (u, T'u,) (u*, 
holds for every element u,¢D. Obviously the domain D remains unchanged 
by the conjugation u(#) > u(x). Hence, using (3. 29), we infer by Theorem 
3.4 that D consists of all elements of the form wu, = G*(1, pa, py)vi + uv, 
(v.e$, we €E(l)). By inserting this expression in (3.31), the condi- 
tion (3.31) becomes (u-+ /Gu— Gu*,v,) + (lu—u*,w) =0, where G@ 
= (1, Pa, pp). (3.31) is therefore equivalent to 
u = G(l, Pa, Po) (u* — lu), 

(u* —lu,w) =0, for all we E(1). 
Now it is obvious that every wu satisfying (3.32) has the form (3. 30). 
Assume conversely u to have the form (3.30). Then putting u* —v-+ lu, 
we get immediately (3.32). Thus Dp, consists of all elements w of the form 
(3.30). Furthermore, for such uw, we get, using (3.22) and (3.32), 
Tu =u* =T yu. Thus T is an extension of To, q.e. d. 

It is to be noted here that the deficiency index'*® of the symmetric 
operator T, is (1,7). 

Finally we shall prove 


(3. 32) 


THEOREM 3.6.'° For arbitrary fixed | with 31540, the domain ®D 1s 
decomposed as a linear space into the direct sum: 


17 § — € means the orthogonal complement of the subspace € in 9. 


18 See Stone, [7], Chap. IX. 
1° This theorem is essentially reduced to Theorem 9.4 in Stone, [7]. Here we shall 


give another proof based on Green’s function. 
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3.27) (3, 33) D =D. + E(1) + (SIA 0). 


Proof. It is sufficient to show that every element we®D is decomposed 


uniquely in the form 


Do) is 


(3. 34) U= Uy + w, + We, (Up € Do, Wi, Wz € E(1)). 


By Theorem 3.4, wu is represented as u=Gv-+w,; (w,e€(l)), where G 
means Decompose now v into two parts: v=v-+w, 
(ve H—E(1),weE(1)) and put wi=—Gw+ + ws, 
Ww. = w/2iSl. Then we have the desired decomposition vu =U) + W; + W2, 
(w;, E(1)). 

To prove the uniqueness of the decomposition, it is sufficient to show 
that the relation 


will 


sists 


by 


(3. 35) 0 =U + + (Uy D, Wi, W2 € E(1)) 


implies Assuming (3.35), we have (w1, 1) 
= (w,, Toto) — (Twi, = 0, proving that w, is equal to 0. Similarly 
we get w. 0, and therefore wu —0, q.e. d. 


We have 


COROLLARY. 


(3. 36) dim (©/Do) = 2r, 
7 t being the excess index of Le 
4. Boundary conditions. First we shall study the properties of the 
skew-symmetric bilinear functionals [uv](a), [uv](b) defined by 
(4.1) [uv](a) [uv] (x), [uv] (>) [uv](r), (u,ve®D). 
Wu, We start with the important formula: 
(4. 2) (Tu, v) — (u, Tv) = [ud] (b) — [uo] (a), 


deduced immediately from Green’s formula. Equation (4.2) shows that the 
necessary and sufficient condition for u to be contained in Dp is 


(4. 3) [us] (b) — [ut] (a) —0, for all ve ®. 


On the other hand, an arbitrary function ve D can be decomposed as 


(4. 4) 0, (v,,02€D), 


so that 


= 0, v,(4) =v(2), 
v,(2) == 0, Vo(r) = v(2), for 
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c, d being fixed points such thata<c<d<b. For arbitrary we Do, we get 
therefore, by (4.1) and (4.3), [wi](b) = [ud.](b) = — (a) 
= 0, and similarly [wi](a) —0. Thus we see, using the invariance of 9 
under the conjugation u— a, that an element u of D lies in Do tf and only if 


(4. 5) [wv] (a) = 0, [wv] (b) = 0, for all ve D. 


Denote by Da (or Dy) the subspace of D consisting of all u satisfying 
the boundary conditions [uv|(a) =0 (or [uv](b) =0) for all veD. Then 
we infer by (4.5) 

(4. 6) Da Dr — Do, 


while, since v,, v2 in (4.4) are contained in Dy, Da, respectively, we have 
(4. 7) Da + Dp = D. 

Using (3.36), we conclude from (4.6) and (4.7) 

(4. 8) dim (D/Da) + dim (D/Dy) = 2r. 

Moreover we have 

(4. 9) dim (D/Da) = 27a, dim (D/Dy) — 2». 


To prove this, we observe the operator LZ in the interval (a,c],a<c<b}, 
instead of (a,b), as in the proof of Theorem 3.2. Then we have 7, =v», 
and therefore 
(4. 10) T= 
On the other hand, we have 

De = {u;we D, u(c) w’(c) = (c) 0}, 
and consequently dim (D/D-) = 2v. Combined with (4.8) and (4. 10), this 
proves the first formula in (4.9). The sécond formula can be proved 
similarly. 

Evidently [wv](a), [uv](b) can be considered as non-singular bilinear 
functionals defined respectively in the residual spaces D/Da, D/Dy. From 
(4.1) it follows that the functionals [wr](a), [uv](b) are real in the sense 
that 


(4. 11) [av](a) —[we](a), [a0] (b) — [wo] 


Combined with the invariance of D under the conjugation u—> @, this yields 


furthermore 


(4. 12) Da=D,, Do—Do. 


| 
{ 
bit 
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By a boundary condition at a, we shall mean a condition for weD of 
the form [du](a) =0, where means a fixed function belonging to ®. 
The boundary condition will be called real, if ¢ is a real-valued function. A 
finite number of boundary conditions 


(a) = 0, [pow] (a) =0,- - -, (a) = 0 
fying & will be called linearly independent, if every linear combination Sy/| ju] (a) 
Then does not vanish identically in u except for the case: yt = y? =: y"=—0. 


The linear independence of the boundary conditions [¢,u](a) =0,---, 
[dmu] (a) = 0 is therefore equivalent to the linear independence of the func- 
tions $1, °;¢mmod®,. Boundary conditions at b, their reality and 
their linear independence are to be defined similarly. 


DEFINITION 4.1. A system of m linearly independent boundary con- 
ditions [dju](a) =0 (or =0) (j—1,2,---,m) will be called 
self-adjoint, if $; satisfy [$jbx](a) —0 (or =0) (j,k —=1,2, 


Our main purpose is to investigate the “ eigenvalue problem” for the 
differential equation L[u] = Au under the self-adjoint systems of real boun- 
dary conditions given at the both ends of the interval a and b. Let 


(4.13), (a) = 0, j= 1, Ta)s 
Ldrju] (6) = 0, 


be the given self-adjoint systems of the linearly independent real boundary 
conditions. Then we denote by Dy the subspace of D consisting of all u 
satisfying the conditions (4.13),, (4.13), and by H the operator with the 
domain De mapping every ueDe in Liu], i.e. we put Hu=L{[u], for 
ue Dy. Obviously we have D C Dp C® and therefore 


(4. 14) 


(4. 13)» 


Now we shall show that H is self-adjoint. For that purpose, we denote 
for a moment the adjoint operator of H by H* and the domain of H* by Do*. 
Then we get from (4. 14) 


(4. 15) T,C H* CT. 
Combined with (4.2), this shows that Dg* consists of all ve®D satisfying 


(4. 16) [ud ](b) — [ud] (a) = 0, for all we Do. 


Since the bilinear form [wv](a) is non-singular on D/D,z and dim (D/Da) 


7 
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= 2r7,, the condition (4.13), determines a linear subspace of D which is 
ta-dimensional over Dq, while, since the system of conditions (4.13), is 
assumed to be self-adjoint, 7, functions ¢4; (j=1,2,---,7a) which are 
linearly independent mod, satisfy the condition (4.13),. Hence the 
condition (4.13), ts satisfied if and only if u can be represented as 


(mod D,). 
j 


Thus we see that an arbitrary element ueD satisfies the boundary conditions 
(4.13), and (4.13), tf and only if u can be represented as 


j j 


Moreover, for arbitrary constants y', - -,8',8?,- - we can readily con- 
struct a function ue®D satisfying (4.17). Inserting (4.17) in (4.16) and 
using (4.11), we infer therefore that v belongs to Do* if and only if »v 
satisfies the condition 


for arbitrary constants y', y?,- - -,8',8°,---. Hence coincides with 
Do. Consequently, comparing (4.15) with (4.14), we see that H* coincides 
with H. Thus the operator H is self-adjoint. 


DEFINITION 4.2. The operator H defined above will be called the self- 
adjoint realization of the formal differential operator L under the system of 
boundary conditions (4.13), and (4. 13)». 


5. Spectral theorem. Let H be a fixed self-adjoint realization of the 
formal differential operator LZ under the self-adjoint systems of the real 
boundary conditions 


(5.1), [baju] (a) =0, (j =1,2,-- +, 7a), 
(5.1) [ju] (b) =0, (j= 1,2,---, 7»), 
in the sense of Definition 4.2. a; (7 =1,--°+*,7a) are therefore assumed 


to be real functions belonging to D which are linearly independent mod D, 
and satisfy 


(5.2). [ | (a) = 0, (j,k =1,2,- Ta) ; 


similarly ¢,; (7 =1,:-+,7,) are real functions belonging to D which are 


linearly independent mod D, and satisfy 


(5. 2), [ (0) = (), k 1, Tp). 


In 


f 
| ope 
par 
(5. 
(5. 
(4.17) u= yidbaj (mod D,), = dp; (mod D,). the 
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DEFINITION 5.1. By the characteristic planes with respect to the 
operator H, we shall mean the linear spaces pa(l), po(l) depending on the 
parameter | defined respectively by 


(5.3)a Pall) = {((f)sfema(l), 
(5.3) o(1) = {(f) (Sj S7)}, 
provided ~ 0. 

It is to be noted here that the function w(l,f) —w(2,l,f) is not 
necessarily contained in D. But, if fe m,(l), for example, then there exists 
the limit [¢ajw(l, f) ](a) = lim f) as one readily infers from 


Green’s formula; thus Definition 5.1 is legitimate. By a similar reason we 
infer the existence of the limits 


Incidentally, we conclude, from (2.6), (2.7%) and the reality of the boundary 
conditions (5.1),, (5.1)», the relations 


(5.4) Pa(J) = Fall), pol!) = 


THEOREM 5.1. The characteristic planes pa(l), po(l) are (v—1)- 
dimensional null planes with respect to | and contained respectively in the 
sets £,(l), £,(1). Moreover we have 


(5. 5)a [w (1, f) w (1, 9) (x) f)w(l, g) dz, (f, ge Pa(/)), 


Proof. We shall prove the theorem with respect to pa(l). For that 
purpose, we observe the operator LZ in the interval (a,c], a<c< b, instead 
of (a,b), as in the proof of Theorem 3.2. The meaning of the notations 9, 
, ete. is to be changed correspondingly, so that every w(2,1,f), fema(l), 
becomes a function contained in D. Now, as was proved in Section 4 above, 
every function we®D satisfying (5.1), can be represented as u = 3pyidqj 
(mod Hence, if fe pa(l), we have 


(5. 6) w (1, f) = 2 (mod Da), (fe ), 


while, by hypothesis, ¢a (j=1,:--,7a) satisfy (5.2),. Consequently we 
get [w(l, f)w(l,g)] =0 for f.gepa(l), proving that p,(/) is a null plane 
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with respect to 1. Again we conclude from (5.6), using the reality of ¢,; 
and (4.12), [w(l, f)w(l,g)](a) =0 for f,gep.(1). Combined with Green’s 
formula, this yields immediately (5. 5),. Especially for f = g, (5.5), becomes 


— w(z, l, f)| ? dz, (fepa(l)), 


proving that h(f;2,1) is positive for every f (0) lying in p,(1). Hence 
pa(l) is contained in all $*(2z,l), a< «<b, and therefore p,(l) Cf,(1) 
— %*(z,1). Finally, since p,(7) is the linear subspace of deter- 
mined by 7, linear equations [dajw(l,f)](a) =0 (j =1,---,7a), we have 
dim p,(7) = dim mg(1) On the other hand, f,(/) has no 
common point with f,(/) and, as Theorem 2. 1 shows, f,(1) contains (at least) 
one (v— 1)-dimensional null plane p with respect to 7. Hence p,(1) has no 
common point with p and therefore 


dim = dim — dim p—1—v—1. 
Thus we see that dim p,(1) is equal to v— 1. 


THEOREM 5.2. As functions of the parameter 1, the characteristic planes 
Pa(l), po(l) are holomorphic, provided 31 ~ 0, in the sense that, for every 


Io with Blo 0, the suitably normalized Pliicker’s coordinates p,‘s---*(1), 
pp's--*(1) of pa(l), po(l) are holomorphic with respect to 1 in some neighbor- 
hoods of 1p». 


Proof. We shall prove the theorem with respect to pa(J). For that 
purpose, we observe the operator Z in the interval (a,c],a<c¢< b, as above. 
Then we have dim €(1) = 7, + v. 

Now let D be an arbitrary compact domain in the half-plane Jl > 0 
(or 31 <0). Then, by virtue of Lemma 3.1, the base ro(z,1) (o = 1, 2, 
+ 7) of the space €(7) can be chosen so that to(z,1) are holomorphic 
in D with respect to 7 in the sense of the norm: ||_ || and that d™re(a, 1) /dx™ 
(m=0,---,n—1) are holomorphic in D with respect to 1. Putting 
to(x,1) = w(z,1,fo(l)), we obtain the points fe(l) 7) 
generating the space ma(/). Then an arbitrary point f in m,(l) can be 
represented as f= 7%fo(l), so that have w(z,l,f) = Xy%ro(z,1). Using 
these 7° (o=—1,2,---,7a-+¥) as coordinates of points f in m,(l), we 
infer from (5.3), that the subspace p,(l) of ma(l) is determined by the 
linear equations 


(5. 7) 7° ](a) = 0, 


26 See footnat> 14. 
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These rg equations are linearly independent, since dim p,(1) = dim — 
while the coefficients [ajro(1)](a@) are holomorphic in D with respect to 1, 
as one readily infers from 


= — f (LL — I$qj) To (1) de. 


Consequently the v linearly independent solutions -,¥) 
of the equations (5.7) can be chosen so that 4.%(/) are holomorphic in D 
with respect to 1. On the other hand, fo(l) (o —1,2,- --,7a-+ are also 
holomorphic in D with respect to J, as was shown in the proof of Theorem 3. 3. 
Hence putting ga(l) = ona’ (1) fo(l), we obtain points g,(1),- - -, gv(l) 
depending on 7 holomorphically in D which generate the characteristic plane 
p.(1). This proves that p,(1) depends on J holomorphically, provided ¥1 + 0. 

After these preparatory considerations, we shall now proceed to the 
investigation of the spectra of H. First we introduce 

DEFINITION 5.2. By the characteristic matrix of the operator H with 
respect to the regular system of fundamental solutions s;(z,l) (j —1,2, 

+,n) we shall mean the matria M#*(1) defined by 


(5. 8) Mi*(1) = M*(1, pa(1), (Sl ~ 0), 
Pall), po(l) being the characteristic planes with respect to H (see (3.6)). 
As (3.7) shows, the characteristic matrix Mé*(1) is determined by the 


relation 


fi, (for fe pa(t)), 
m 
Combined with (5.4) and (2.3), this yields 
(5. 10) Ms (1) = Mi*(1). 
Again, using (5.9), we conclude from Theorem 5.2 that the characteristic 
matrix M*(1) depends on | holomorphically, provided 31 0. 

DEFINITION 5.3. By Green’s function for the operator H will be meant 
the function G(x,y;1) defined as 
(5. 11) G(x, y31) = G(x, y51, pa(1), (Sl ~0), 
Da(l), po(l) being characteristic planes with respect to H. The wtegral 
operator with the kernel G(az,y;1) will be denoted by Gil), i.-e., 
G(l) = G(1, pa(l), po(l)) (see Definition 3. 2). 

By using the characteristic matrix, Green’s function for H can be 


written in the form 
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(5.12) G(2,y;l) = G(y, 2; 1) = M*(1)s8;(2, 1) sx(y, 1), (t= y), 
jk 


as (3.9) shows. From (5.10) and (2.3) follows therefore 
Now we shall prove 


THEOREM 5.3. The integral operator G(1) coincides with the resolvent 
(H —1)-* of the operator H, provided 31 ~0. 


Proof. Denoting by Dy the domain of H, we first prove that, for 
arbitrary ve §, G(l)v belongs to Dy. For that purpose, decompose v into 
two parts: 


w, E(1), we E(1)). 


Then, by Theorem 3.5, G(1)v) belongs to DC Dy; hence, for the present 
purpose, it is sufficient to show that G@(l)w is contained in Dy. Now we 
have, by (3.11), 


w(x) = Fap(l) {wg(x) de + wa(x) S dz}, 


=p+1 


while, using Green’s formula, we get 
- “wait dx = ](r) — [waw] (a), 


b 
- f wgw dx = [wg] (b) — [wgw] (2). 
By virtue of the identity (3.18), we conclude therefore 
(5.14) G(1l)w(x) = (1/291) 
+ BS {Lwail] (a) — wa(2)}. 


=p+1 


Let ¥; (j =1,: - -,7) be real functions belonging to D such that 
¥i(X) = $aj(%) (fora<cxSc),—0 (fordSr<b), (j=1,"- 
(2) == 0 (for = (for b), (j= * Td), 


c, d being fixed points such that a << c << d < b (such functions can be readily 
constructed). Then y; (7 =1,2,---,7) are linearly independent mod Do 
and satisfy the conditions 


(5. 15) [yx] (0) [yx] (a) = 0, k=1,2,-- 
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By virtue of Theorem 3.6, yj; can be decomposed uniquely as yj==t; + 4; 
(mod Do) (tj, r;e¢€(l)), while, since y; are real and Do = Do, from the 
uniqueness of the decomposition it follows that ¢; must coincide with 1;. 
Thus we get 


(5. 16) Wj =r; + F; (mod Do), (rye E(2)). 


Inserting this in (5.15), we obtain R{[rjf,](b) — =0, while 
from Green’s formula follows [rj*,](b) — = 7). Hence 
the inner products (7;,7.) (j,& =1,2,---,7) are all real. From this we 
conclude, using (5.16), that the functions r,,72,- --+,1r; are linearly inde- 
pendent. Indeed, if r,,72,- - -,7, were linearly dependent, then there would 
exist non-trivial linear relations 3j/r; = 0 with real coefficients 7. 
Whence one would get 


= + = 0 (mod D,), 


contradicting with the linear independence of 1, Do. Thus 
the functions r,,72,- - *,, 7; are linearly independent and therefore constitute 


a base of the space €(/). Consequently the function w appearing in (5. 14) 
can be represented as w= Put now r= Then we get from 
(5. 16) 


(5.17) r+ w= (mod Do), (re €(l)). 
The functions w, satisfy the boundary conditions (5. 
Hence we have [yjwa](a)=0 @=1,2,---,v). From 
(5.17) follows therefore [waw](a) = — [war], (« =1,2,- - -,v) (remember 
that [war|(a) does not depend on z); similarly we get 
[wg] (b) =— [wer], 


Inserting these identities in (5.14) and using (3.18), we obtain 
G (1) w = (1/231) + r} = (1/2351) (mod Do), 
while it is obvious that y; (j—=1,---,7) satisfy the boundary conditions 
(5.1), and (5.1),. Hence G(l)w satisfies also (5.1), and (5.1)», and 
therefore belongs to Dy. Thus we conclude that G(l)v belongs to Dy for 
every ve &. This shows, combined with (3.22), that (H —1)G(l) —1. 
To prove the transposed relation 


(5. 18) G(l)(H—l)hu=u, for all ue Du, 


we represent, using Theorem 3.4, every we Dy in the form u— G(l)v + w, 
we E(1), where v= (T—1)u. Then, since G(1)v belongs to Dz, w is also 
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contained in Dy and therefore Hw = L[w]=—Ilw (310), whereas the 
self-adjoint operator H has no complex eigenvalue. Hence w must vanish, 
so that we obtain w= G(l)v=— G(l)(T—l)u=G(l)(H—l)u, proving 
(5. 18), gq. e. d. 

Now that Theorem 5.3 has been established, our theory proceeds along 
the line completely parallel to the case of the differential operator of the 
second order.*4_ The main results can be stated as follows: 


THEOREM 5. 4. (SPECTRAL THEOREM). Let 


H= 


be the spectral representation of the self-adjoint operator H and Ms*(1) the 
characteristic matric of H with respect to the regular system of fundamental 
solutions s;(z,l) =1,2,---,n). Then for every real number there 


exists the limit 


(5. 19) =lim lim (1/7) (A + te) dr. 
5 


The matrix p(rA) = (p*(A)) thus defined is real and symmetric. As a 
function of », p(A) ts continuous on the right and monotone non-decreasing 
in the sense that, for »< A, the symmetric matrix p(A) —p(m) ts positive 
semi-definite. Put E(A) = E(A) — EL (pz) for every finite interval A = (p, A]. 
Then, for every ue $, H(A)u(zx) can be represented as 


(5. 20) B(a)u(x) = J (y, A) dp*(A), 


where 
a A 


and the integral with respect to y in (5.20) converges absolutely. Thus F(A) 
is the integral operator with the symmetric kernel 


B(x,y3d) — (a) 
e 
of Carleman type. u(x) is represented as 


b 
u(r) = lim f u(y)dy | D A) se(y, A) dpi*(A), 
a 


A+ ©. 


*1 Kodaira, [3]. 
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where the limit converges in the mean. The formula (5.19) can be re- 


written as 


p*(X) =lim lim (1/7) Ms*(1) dl}, 


(5. 22) 
€->+0 C (A+8,5,€) 


where 8, 8,«)means the oriented polygonal line whose vertices, in 
order, are 8+ 5+ia, A+8+ ia, A+8+ the real number « being 
subject to the inequality a > «.7? 


Proof. First we shall treat the special case that the fundamental solu- 
tions s;(z,1) (j7—=1,2,---+,m) constitute the canonical system obtained by 
solving the differential equation: L[s] — Js under the real boundary conditions 


(5. 23) [d™s;(x, 1) /da™ Jane = (m = - 


at the fixed point c, a<c<b, where e;= (e;,e,---,e)) are 
constant real vectors satisfying 


(5. 24) (c) = 


(s;(z, 1) mean therefore the solutions s;°(z,7) mentioned in Section 2). We 
follow the method of H. Weyl.?* For arbitrary u.e H, we put 


u(x,r) = [£(A) — £(0) Ju(z), 


considering u(x,A) as an element of §, we use the abbreviation u(A) for 
u(z,4). Obviously w(A) belongs to the domain of H. Putting 


we have therefore, by Theorem 5. 3, 

(5. 26) u(A) = G(1)v(A). 

Put, for simiplicity’s sake, G(™ (a, y: 1) = 0"G(a, y; 1) /da™, x). Then 
we get from (5. 26) 

(5. 27) A) = foam (x.y; 1)v(y, A) dy, 


(m =0,° 


(3.17) shows. The explicit form of G™ (z,y;1) is given by 


22 In the case of second-order differential operators, this theorem is reduced to the 
Weyl-Stone-Titchmarsh results. See Weyl, [11], [12], Stone, [7], Theorem 10.22, 
Titchmarsh, [9], Chap. III. Cf. also Kodaira, [3]. 

23 Weyl, [11]. 
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Fes(l)wp™ (x) way), (y <2), 


a=1 


(5.28) G™ (2, y;1) = 
whence we see that G(”) ¢z,y;1) is square summable with respect to y in 
(a,b), provided a<a<b. Thus, for fixed x, the functions G™ (z, y;1) 
of y can be considered as an element of §; then G™ (x, y;1) will be denoted 
by G™ (x31). By using (5.13), the identity (5.27) can be rewritten as 
wim) (x, 4) (v(A), Gi) (x; 1)). 


Inserting (5.25) for v(A), we obtain from this the important formulae 


(5. 29) u™ (2, A) = (u, q: (A—1)dE(A)G™ (2:1), 
A 
(m =0,1,---,n—1). 
Now, using these formulae, we shall prove that the functions u(™ (z, d) 
(m =0,1,- --,n—1) have the following properties: 


(#) As a function of », each u™) (x,A) is continuous on the right, 
of bounded variation in every finite interval A = (p,A] and, for 


such intervals A, the total variation | (a, A)| is uniformly 
A 


bounded with respect to x in every closed interval [2,, 22], 


The formulae (5.29) can be rewritten as 
u™) (7, A) = (u(a), f (A—1)dE(A)G™ 
A 
yielding immediately 
(5.30) | (x, A)| S|] u(A)]- { A—1|?d|| (x; 1) || 


Consider now decompositions of A into the sum of a finite number of sub- 
intervals Aj = (Aj-1,A;], A; being real numbers such that AA—=pwmA<::* 
<An=A. Then, applying (5.30) to each Aj, we get 


f | du) (2,rA)| = sup > | u™ (2, Aj) | 

r j 

A 


Hence, denoting by « the maximum of |A—1J/| in A, we obtain 
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(5.31) Si du (,d)| u(a) 


proving that wu”) (z,A) is a function of bounded variation in A, while it is 
obvious that wu”) (2,2) is continuous on the right (we have naturally pre- 
supposed that H(A) is continuous on the right in the sense of the strong 
topology). Again, as one readily infers by (5.28), || @&™ (a; 1)|| is uniformly 
bounded with respect to 2 in every closed interval [2,,7.],a<4%,<a%2< b. 
Combined with (5.31), this proves that the total variation J, | du(™) (x, r)| 


is uniformly bounded in [2,22]. Thus wu) (z,A) have the properties (#). 
As an element of §, u(A) satisfies obviously the equation 


Hu(A) = Jf 


Using this we shall prove that the function u(a,2) satisfies the integro- 


differential equation 
(5. 33) L[u(a, A) ] -{ Adu(a, 
+0 
For that purpose, let Ao, be real numbers such that 0 < 
and put (Aj-1,A;], max;|A;—Aj. |. Then we 


have 


|S — f rdu(a, r)|<8- 
j +0 40 
This shows that, in the relation 


r 
(5.34) lim = Adu(x, a), 
+0 


6-0 j 


the limit converges uniformly with respect to x in every closed interval 

[2,2], a< a, < 2% <b, since the total variation f | du(z,A)| is uni- 
+0 

formly bounded in [2,22]. On the other hand, applied to A= (0,A], 


(5. 32) means 


lim | L[u(z, A) ] — SAju(a, Aj) | ? dx = 0. 
a j 


6-0 
Hence we get (5. 33). 


Incidentally, from (5. 34) it follows that Adu(z,) is a continuous 
+0 


function of x in a< «<b. Combined with (5.33), this shows that, as a 
function of x, u(x, r) admits in (a,b) the continuous n-th deriwative. 
Now we introduce the functions uj(A) (j =1,2,- - -,n) of A associated 


with u(z,A) by the relations 


531 
|| 
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(5. 35) us (A) u™ A), m +,n—1), 


1 
where e;) mean the constants appearing in the boundary conditions (5. 23) 
and therefore det (e;™ ) 40. Obviously w/(A) (j =1,2,---,) are func- 
tions of bounded variation in every finite interval A. By using these functions 
uj(A), the function u(z,A) can be represented as 


n 
(5. 36) f s)(a, A) dui (A). 
j=1 +0 
To prove this we consider the difference 
n 
t(r,A) = u(z,A) —> fs, d) dus (A). 
j=1 +0 


As a function of z, t(z,A) admits also continuous derivatives up to the 
order n and, as a function of A, ¢(z,A) is of bounded variation in every 
finite interval A. Furthermore it can be readily verified that ¢(z, A) satisfies 


(5.37) adt(a, a), 


while, since s;) (c,A) —=e;™, from (5.35) follows 


(5. 38) (c,r) 0, (m= 0,1,:-+,n—1). 


Now, by hypothesis, we have 


(z, d) Sx (a) (z, [ = 


h+mSn-1 


whence we obtain, using (1.6), 
D (a, A)8,(@,A) =0 (for OS mS n—2), —1/p.(z) 
(for m =n—1). 


Hence, putting 
W(z,y) = 2 0)se(y, 0), 


we infer readily that, under the boundary conditions (5.38), the integro- 
differential equation (5.37) is equivalent to the integral equation 


t(z,A) = f Wie f Aaw(y, a). 


Using the method of iteration, we readily infer from this that ¢(z,A) must 
vanish identically. Thus (5.36) has been proved. 

The explicit forms of u;(A) are obtained from (5.35) and (5. 29). 
Putting 


n q 
(5 
we 
(5 
(5 
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> M*(1)s;(2, 1), for '¢, 
(5. 39) 1) = 


> M*i(1)s,(2, 1), for 
k 


we obtain, using (5.12) and (5. 23), G™ (c,2;1) = Se;™T(2;1). From 
j 


(5.29) follows therefore 


j A 


| Introduce now the functions (A) = é/(a, A) defined by 


(5. 41) (A —1)dE(A)TI(L) 


he 


ry 
es 


Then, comparing (5.40) with (5.35), we get the important formulae 


(5. 42) ui(A) = (u, g/(A)), (j= 


As (5.35) shows, u/(A) can be considered for fixed A as a linear functional 
of we not depending on l. Hence we infer by (5.42) that the functions 
gi(A) (j= 1,2,---,) are independent of 1, whereas the definition (5. 41) 
of (A) contains the parameter 1. Obviously £/(A) belongs to § and, as 
(5.41) shows, 


(5. 43) 


(éi(A’), &(A”)) =0, if A’ A” is empty. 


The inner products (€(A),&(A)) are therefore additive functions of 
intervals A. 
To prove the existence of the limit (5.19), we first define the additive 
functions p/*(A) of intervals A by 


(5. 44) pik(A) = (/(A), &(A)), 


and then prove tliat p/*(A) p/*((0,A]) are related to M#*(1) by (5.19) 
(in what follows we assume that the additive functions p/*(A), p*(A) etc. 
of the intervals A are always related to the corresponding functions p/*(A), 
p%*(X), etc. of A by the equations as follows: 


pi*(A) = p*((0,A]), p**(A) = p’*(A) — (A = (u, A)). 


Evidently the matrix p(A) = (p/*(A)) is hermitian and positwe semi-definite ; 
therefore we have 
(5. 45) 


(5. 46) | 


pii(A) = 0, 
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From (5.46) follows that p*(A) are functions of bounded variation in every 
finite interval A. Now, inserting (5.41) in (5.44), we get 


whence we conclude 


(5. 47) = PD), 
where the integral converges absolutely, since, by (5. 46), 


{ f|A—1|-* | dp*(A)|}* SF | | A—1 | (A) 
= | |? 


The right hand side of (5.47) can be readily calculated. Inserting the 
explicit form (3.6) of the matrix M/*(1) into (5.39), we get 
D n 
(z;1) => 2 Fag(l) (2, l, fa), (So), 
a=1 B=p+1 
where f, lie in Pa(1). Using (5.5),, (5.39), (5.23) and (5. 24), we obtain 
therefore 
a 
= M(1) Mim (1) [sn(1) ] (6) = MI eam ; 
hm hym 


similarly we have 


b 
f (x; 1)dx =— M*(1) M4 (1) erm. 
c h 


Thus we get : 
) = (MD) Mim (1) — M*(1) M4 (1) Seam. 
7 
Combined with (5.10) and the formula %,[M*5(1) — M*(1) Jen, = 
deduced from (3.10), this yields immediately 
) = SMF (1). 
Hence we get from (5.47) the important formulae 


(5. 48) fa |A—1| “dpi*(a) — 


where the integral converges absolutely. Now the relation (5.19) can be 
readily deduced from (5.48). Indeed we have 


] 
yi 
(2 
tl 


EIGENFUNCTION EXPANSIONS. 


A+é +0 
6 


€>+0 6 +0 e 


(u) lim ((A + 8—p)/e) — tan*( (8 — p)/e) | 


= (1/2) [p*(A + 8) + pi*(A + 8— 0) — p*(3) — p*(8—0)], 
yielding immediately (5.19). 
As was already proved, the matrix p(A) = (p/*(A)) is Hermitian, while 
(5.19) shows that p(A) is real; hence p(A) must be symmetric. 
Now, inserting u= (A) into (5.42) and (5.36), we get readily the 


expression 
(5.49) & (a, A) = f 8j(x, A) (A). 
A 


‘ Using this, we shall prove the formula (5.20) for A=(yp,A]. For that 
purpose, let Ao, Ai," be real numbers such that 
<An=A, put = maxm | An—Am-1|, and consider for fixed 7, a<a¢<b, 
the sum 


E(y; 8) D> sx (2, Am) E*(y, Am); Am (Am-1, 
mk 


Choose for every « >0 a positive number so that | A’ —A”| < 8(e) 
implies | s, (2, <e (kK =1,2,---,n), provided <A” 
<=,. Then, using (5.43), we get the evaluation 


b n 


This shows that, for 6—~0, the function Z(y;8) converges to a square 
summable function =(y) in the mean. The mean convergence implies further 
the existence of a subsequence {Z(y,8m)}, 5m—>0, converging to 2(y) 
almost everywhere in (a,0). On the other hand, we infer by (5.49) 
readily lim =(y;8) = H(z,y;A). Hence H(a,y;4) coincides with 
almost in (a,b); thus we obtain E(2,y;A)|*dy << +0 


(5. 50) | =(y;8) —E(a,y; A) > 0 (8-0). 


Now using (5.42) and (5.50), we conclude from (5. 36) 
u(z, A) =lim s;(2, Am) (Am) = lim (u, (Am) ) 
3 


6-0 m j —>+0 


= lim (u, =(8)) = 


proving (5. 20). 
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Finally the formula (5.21) follows immediately from (5.20), while 
(5.22) is equivalent to (5.19). Thus the spectral theorem is proved for 


the special case under consideration. 

Now we shall treat the general case. For that purpose we denote the 
special fundamental solutions s;(z,/) and corresponding M/*(1), p*(A) men- 
tioned above by s;°(a,1), M°*(1), p°%*(A), respectively. Then an arbitrary 
regular system of fundamental solutions s;(2z,1) is obtained from s;°(z, 1) 


by a unimodular transformation 


(U) = UA (I) 

=1 
where are entire functions of / satisfying Uf (1) Uf(l). By the 
transformation (U), the characteristic matrix M/*(1) is transformed as a 


contravariant tensor, i. e. 
(5. 51) (1) = Vii (1) Vin* (1) (7), 
him 


where V;*(1) means the inverse matrix of U}(l); V#(l) are also entire 
functions of and satisfy V*(/) = V (1). 
Let us assume now that dp/*(A) constitutes a contravariant tensor, and 

define pi*(A) by the formula 

(5. 52) pik(A) = Vai (A) Vink (A) dp™ (A). 

+0 hm 
The matrix p(A) = (p/*(A)) thus defined is also real and symmetric, and, 
as a function of A, p(A) is continuous on the right and monotone non- 
decreasing. Furthermore we have 


A A 


proving the formulae (5.20) and (5.21). To prove the spectral theorem, 
it is sufficient therefore to verify that the matrix p/*(A) thus defined is 
related to M#*(1) by (5.19). 

As to the special matrices M°s*(1), p°i*(X), we have the relation (5. 48). 
From this we can deduce the formula 


(31-40, 3m #0), 


where the integral converges absolutely. 


For an arbitrary positive number o, we obtain from (5.53) the 


expression 
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(5. 54) Mex (1) = 4+. Ro%*(1), 


where the residual term Ro4*(1l) is holomorphic with respect to 1 except 
for real 7 such that 1 =—oorl2Zo. Corresponding to (5.54), we put 


(5. 55) = + 
Then, inserting (5.54) in (5.51) and using (5.52), we obtain 


Rol*(1) = fz (A—1)*{ Vad (1) (1) — Vi? (A) Vin (A) 
-o him 
+ Vii (1) (1) Ro™ (1), 

proving that Ro/*(1) is also holomorphic with respect to J except for real 1 
such that 1 =—o or Furthermore from (5.10) follows 
(5. 56) Ro*(1) = (1). 

To deduce (5.19) from (5.55), choose o so large that o>|A| +1. 
Then, since Ro/*(1) are regular at real » such that | »| << |A|-+1, we infer, 
by (5.56), ie) 0 (ec >+0) for |w|<|A|+1. Using this, 


we conclude 


A+d 
lim + ie)dA—lim (A (2 — A— 
6 


— + 0) pi(A + 8) — pi*(8—0) —pi*(8)], 


yielding immediately (5.19). Thus the spectral theorem is completely proved. 


e>+0 6 


6. Expansion theorem. We introduce for two arbitrary A-measurable 
vector functions w(A) = @n(A)), x(A) = “xn(A)) the 
notion of their inner product defined by 


(0x) = dpa). 


Then we have (o,w) 20; || || = (o,@)* can be considered therefore as 
the norm of ». The set © of all A-measurable vector functions w with — 
|| » || < +o constitutes a Hilbert space, if one identifies two functions o, 
x such that || »—y || 0. Now we shall prove 


THEOREM 6.1. (EXPANSION THEOREM).** For every function u(z) 
belonging to §, the integral 


24 Cf. Weyl, [11], [12], Titchmarsh, [9], Chap. III. For series expansions asso- 
ciated with ordinary differential equations of any order, see Birkhoff, [1], Tamarkin, [8]. 


8 
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(6. 1) wj(A) = A) u(x) dz 


converges in the sense of the norm in Q and, by means of w;(A) thus defined, 


u(x) is expanded as 


(6. 2) u(z) 


where.the integral converges in the mean; furthermore we have the “ Parseval 
formula” 
(6. 3) 


Conversely, for every weQ, the integral (6.2) converges in the mean and, 
by means of u(x) defined by (6.2), w is represented as (6.1). 


Proof. Choose t, z such that a.< i<z2< 6 arbitrarily and put u*(z) 
=u(zr) (for (S242), =0 (for <torz>z). Then the integrals 


(6. 4) (A) = (a) dz 


converge absolutely and represent continuous functions of A. Hence, applying 
Fubini’s theorem, we get, from (5. 20), 


(6.5) E(A)u* (2) 


(6.6) dp*(A) = B(A)ut 


for arbitrary finite intervals A= (,A]. Making A> ©, we get 
from (6.6) the identity || w* || = || u* ||; thus the linear transformation 
u*—>w* defined by (6.4) is isometric. Now we have || u*—wu|| 30 
(t—a,z—b). Hence there exists an element w in 2 such that || o* — o || > 0 
(t—>a,z—>b), proving the convergence of the integral (6.1) in the sense 
of the norm in Q and the Parseval formula (6.3). To prove that u(z) 
is represented as (6.2) by means of » thus defined, we consider the integral 


= 
which evidently converges absolutely. Comparing this with (6.5), we obtain 


| B(A)u* (2) —Iy(x)|?< o* —o 
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this proves | H(A)u*(x) —Ig(x)| 0 (t 5b), where the convergence 
is uniform in every closed interval [2,2.],a<%,<a%<b. On the other 
hand, H(A)u* converges to H(A)u in the mean. Hence we get 


yielding immediately (6. 2). 
To prove the converse proposition, put for an arbitrary element » of 0 
wa(A) =o(A) (for AeA), (for A#A), 


A = (p,A] being an arbitrary finite interval. Then the integral 
(6.10) ua(x) = — 
— j,k 


converges absolutely and represents a continuous function of sina<2< 5b. 
Obviously ,(A) can be approximated by step functions 


h 
(A) > Vkm c(A, An) 
m=1 
so that || 6 —, || > 0, where A,, are mutually disjoint subintervals of A and 
c(A, Am) denote characteristic functions of An. As to o, we have 


+o 


ti (a) A) (A) dp* (A) = Ykm & (a, 


j, m k 


Using (5.48) and (5.44), we conclude from this that 


m 


thus the correspondence 6—>@ is (linear and) isometric. Consequently i 
converges in the mean to an element uw» of 4 when @ approaches to w, in 
_ the sense of the norm. On the other hand, the inequality 


| G(r) —us(z)|?S |?- f, > 8;(a, A) 8x (x, 


shows that converges to us(x) uniformly in every closed interval v2], 
a< 2, < <b, when approaches to ws. Hence wu, coincides with and 
therefore || w, || = ||, ||; thus the linear transformation wo, — ua defined by 
(6.10) is isometric, proving that the integral (6.2) converges in the mean 
and that the linear transformation » — wu defined by (6.2) is isometric. Now 
it is obvious that w is represented as (6.1) by means of u(x) defined by (6. 2). 
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7. Simultaneous differential equations. The above results can be easily 
extended to the case of simultaneous differential equations. Consider a 
differential operator 


L = Po(2) (d/de)* + P,(x) + Pr(2) 


defined in (a, b) with matriz coefficients Pm(x) = «= 1,2,° 
operating on vector functions 


u(x) (u(x), Uz (2),° 


where each ~mx(2) is a real valued continuous function defined in (a,b) 
having continuous derivatives up to the order h — m and 


(7.1) det >O [or < 0], (a<z< bd). 


The product n= yh will be called the “rank” of Z. Assume furthermore 
that LZ coincides with its Lagrange adjoint 


L* = (—1)*(d/de)*P,*(2) + +--+ Pr*(a), 


Pm*(x) being the transposed matrices of P»(z). In order that L coincides 
with L* it is necessary that P(x) satisfies P)(x) = (— 1)*P,*(x), which is 
compatible with (7.1) only if nh is even. Thus, in the present case, the 
order h of L may be odd, whereas the rank n = nh must be even: 


(7. 2) n = nh = 2v. 
Now, using the abbreviation 
u(x) v(t) = ux (2) ve(2), 
K=1 


we have Green’s formula 


(7.3) de [wo] (2) — [we] (y), 


where [wv] means the skew-symmetric bilinear form 


(2) ve (2), 


f+kSh-1 


with the coefficients 


-k 


h-j-k- 


m=0 


Fc 
(7 
H 
(0 
Ww 
of 
de 
tc 
bi 
ti 
8; 
( 
a 
a 
2 
t 
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For 7 + k =h—1, we have 
(7. 4) = (—1)* pox (j+k—h—1). 
Hence [wv](x) is a non-degenerate bilinear form of two vectors 


By means of this bilinear form, we define the “ Wronskian” of n functions 
f, 8,0; °°, 0,0 as 


[rt- - -vsw: -w] = +[rs] [tu] - - [vw], 


where = + means the alternating sum extending over all n! permutations 
of the functions 1,s, 

Now that it has been established that the bilinear form [wv](z) is non- 
degenerate, all of our arguments expounded in Sections 2 to 6 can be applied 
to the present case without essential modifications, since they are entirely 
based on the bilinear form [wv](x) and Green’s formula. It will be sufficient 
to notice that we have to make the following modifications: First, in Defini- 
tion 2.1, the functions s;(z,1) are to be replaced by the vector functions 
8;(z, 1) = 1), +, 8m(2,1)). Secondly, the inner product 
(u,v) is to be defined as 


(u,v) = Ux (x) dx 


and, correspondingly, § will denote the Hilbert space consisting of all measur- 
able vector functions u with (u,u) < +o. 

After these modifications, the same arguments as expounded in Sections 
2 to 6 lead to the following results: Fix a regular system of fundamental 
solutions s;(z,/) (j= 1,2,- -,m) and associate with every general solution 
w(x, l, f) = Sfis;(x,1) of the simultaneous differential equations L[w] = lw 
the point (f) in the (n—1)-dimensional projective space %. Put 


b 
m(I) = ((f)3 f)| +20), 


= {(f) ; 1) | < +20}. 


Then the dimensions of m,(7) and m,(1) do not depend on / and are not less 
than provided 310. Putting 


= dim 1, dim m (1) —» +1, 


ly 
a 
) 
e 
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we obtain therefore two non-negative integers tg, rt» which are characteristic 
for L. Obviously the integers 7,, tr, do not exceed ». Assume now the 
linearly independent boundary conditions 


[past] (a) 0 (j= 1,2,°°°, Ta)» [ = 0 


as given, where ¢qj, ¢»; are real functions belonging to “D” such that 
[ (a) = 0, —0. Then, under these boundary conditions, 
L becomes a self-adjoint operator, which will be denoted by H. The subspaces 


Pa(l) = {(f) fe ma(l), f)] (4) =9 1 S75 70)}, 
po(l) = {(f) f)] =9 (1 S7S7)} 


of % will be called the characteristic spaces with respect to H. fqa(l) and 
p,(7Z) have the dimension y—1 and have no common point. By the charac- 
teristic matrix of H we shall mean the matrix M#*(1) defined by the relation 


~ M* (1) -f" = f* (for fe pa(l)), = 0 (for fe 


As a function of 1, the matrix Mi*(1) is holomorphic in each half plane 
SI > 0, 31 < 0, and M#*(1) = M5*(1). Now we have 


THEOREM 7.1. (SPECTRAL THEOREM). For every real number 4, there 
exists the limit 


A+d 
= lim lim (1/n) + 
6 


The matrix p(A) = (pi*(A)) thus defined is real and symmetric. As a func- 
tion of A, p(A) ts continuous on the right and monotone non-decreasing in the 
sense that, for »<A, the symmetric matrix p({A) —p(m) is positive semi- 
definite. Let 


ifn AdE (Xd) 
be the spectral decomposition of H and put, for every finite interval A = (pn, A], 


E(A) = F(A) — E(u). Then E(A) ts represented as the integral operator 
with the matria. kernel 


Ex (2, A) Siu (2, A) Six d) (A) 


in the sense that 


B(A)u(z) = A)ue(y)dy 


(j =1,2,° -, 70), 
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for every we, where 


b 
| Ex (2, y, 4) *dy <+o0. 


Finally, as in 6, we define the norm || || of an arbitrary A-measurable 
vector function = (@:(A),* +,on(A)) by 
dp*(A). 
—o jk 
Then we have 


THEOREM 7.2. (EXPANSION THEOREM). For every vector function u(2) 
belonging to , the integral 


= A)Ux (x) dx 


converges in the sense of the norm defined above and, by means of wx(A) thus 
defined, the vector function u(x) can be expanded as 


Ux (x) = A)ox(A) dpi*(X), 


where the integral converges in the sense of the norm in §; furthermore we 
have the “ Parseval formula”: || u || = || o ||. 
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ON THE ESSENTIAL SPECTRA OF SINGULAR EIGENVALUE 
PROBLEMS.* 


By Puitip Hartman and AuREL WINTNER. 


1. Let A be a real parameter, and let p(t) >0O and q(t), where 
0=t<o, be a pair of real-valued, continuous functions for which the 


differential equation 


(1) (p2’)’ + (q+ 


where ’ == d/di, becomes of Grenzpunkt type in the sense of Weyl [4]. This 
proviso, which will not be repeated below, means that (1) possesses some 
solution violating the L?-condition 


(2) f a2(t)dt 


0 


(for some A, but then for every A; cf. [4], p. 238). -Correspondingly, (1) and 


any boundary condition of the form 
x(0)cos a + p(0)z’(0)sin a = 0, (p(0) > 0), 
where the angle a is arbitrary, determine an eigenvalue problem. 


Let S, denote the A-set representing the spectrum of the eigenvalue 
problem defined by (1) and (3,). It is known that every S, is a closed set. 
According to Weyl ([4], p. 251), the set of the cluster points of S, is 
independent of a; it can therefore be denoted simply by 8’. The invariant 
A-set 8’ will be referred to as the essential spectrum of (1). 

It was proved in [2] that (1) has a non-trivial solution satisfying (2) 
whenever A is not in 8S’. On the other hand, since 9’ is a closed set, a value 
A=A° cannot be in the complement of S’ unless the same is true of every A 
which is close enough to A°. One might expect that these two facts together 
suffice for the characterization of the complement of S’ (and, therefore, of 
8’ itself), but we could not prove this (cf. [3], Appendix). Also that 
characterization of S’ which results, in terms of the zeros of the solutions of 


* Received November 8, 1949. 
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(1), from Theorem (I) in [1] is a characterization depending not on a 
single value, A°, of A but is such as to involve an entire neighborhood of )°. 

In what follows, a theorem will be proved which allows the charac- 
terization of a point of 8’ in such a way as to involve only that point. The 
resulting characterization of points of 8’ will, in addition, be such as to 
involve only the differential equation and no specification of a boundary 
condition, (34). In fact, the following theorem will be proved: 


(*) <A real X=dp is in the essential spectrum of (1) if and only if 
there exists some g = g(t) which is real-valued and continuous for 0 <= t 
satisfies the L?-condition 


(4) 


and 1s such that the corresponding inhomogeneous differential equation 


(4) (px’)’ + (q+ 


does not possess any solution x= <2(t) satisfying the L?-condition (2). 


2. The proof of this theorem will depend on a Lebesgue-Toeplitz “ norm 
construction,” similar to that used in [5] for the characterization of the 
points of S, in terms of (5), with a g satisfying (4). The construction 
applied in [5] will have to be modified so as to replace the spectrum S,, 
where « is fixed in (3), by the essential spectrum 8’, which is identical with 
the A-set consisting of the common part of every Sg, where 0a < z. 

The latter characterization of S’ is clear from the fact that if A= 
belongs to two of the spectral sets, say Sg and Sg, where «+8 (mod7z), 
then A= A, certainly is a cluster point of ‘at least one of these sets (and, 
therefore, of both). For otherwise A= Ap, is in the point spectrum of two 
distinct boundary conditions, (3,) and (3g). But this is impossible, since 
(1) does not have (for any A) two linearly independent solutions, x = 2,(t) 
and «= satisfying (2). 

According to Weyl [4], p. 251, the situation belonging to a fixed boun- 
dary condition is as follows: 


(i) A AA, is not in S, if and only if there belongs to every con- 
tinuous g satisfying (4) one and only one solution z=, of (5) satisfying 
32) and (2). 


In contrast, (*) can be restated as follows: 
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(ii) A AA, is not in S’ if and only if there belongs to every con- 
tinuous g satisfying (4) at least one solution x = 2, of (5) satisfying (2). 


Since the complement of the A-set S’ is identical with the sum of the 


‘he 
to complements of all sets Sg, where 0 a< 7, the assertion of (*) is equi- 
ry valent to the statement that the elimination of the parameter a from (i) 


must lead to (ii). In this regard, it is easy to see that the italicized specifi- 
cation in (ii) cannot be replaced by that in (i). 


3. The sufficiency of the condition claimed by (*) for a point A» of S’ 
follows at once. For, if there exists a continuous g, satisfying (4), for which 
(5) fails to have a solution, x, satisfying (2), then it follows from (i) that 
Ao is in Sg, no matter what a may be. In other words, A, is in the common 
part of all spectra Sq, that is, in S’, as claimed by (*). 

The converse assertion of (*) is substantially equivalent to the following 


lemma: 


($) Jf (1) has no solution x(t) 40 of class L?(0,0) when X =o, 
then there exists a continuous g(t), of class L?(0, 0), for which (5) has no 
solution x(t) of class L?(0,0). 


In fact, if this lemma, (§), is granted, then the necessity of the condition 
claimed by (*) for a point of S’ can be concluded as follows: 


Suppose that (5) has, for every continuous g(t) satisfying (4), at least 
one solution satisfying (2). It then follows from (§) that (1) has, when 
X4—A,, a non-trivial solution of class L°(0,0). Let y be the angle « 
(determined mod) for which this solution satisfies (3,), and let t= y(t) 
denote this solution. 


For a given g, let x a2,(t) be a solution of (5) which is of class 
L?(0, 0) (by assumption, there exists such an 2, for every g). Then it is 
clear from the definition of y(t) that, if c¢ is any constant, the sum 
a(t,c) =2,(t) + cy(t) is again an ay, and all 2,’s are of this form. On 
the other hand, it follows from the definition of the angle y that, if a is 
any angle distinct from y (mod), then there exists a unique c=—c(a) 
corresponding to which the sum z(t,c) will satisfy (3). In fact, since 
a(t,c) =2,(t) + cy(t), this c—c(a) is given by the ratio 


c = — {z,(0)cos a + p(0)2’,(0)sin «}/{y(0)cos a + p(0)y’(0)sin a) }. 


The denominator is distinct from 0, since, on the one hand, ay (mod7z) 
and, on the other hand, y(t) belongs to the boundary conditions (3y). 


1 
ac- 
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Accordingly, if g(t) is any continuous function satisfying (4), and if 
a is any angle distinct from y (mod), then (5) has a unique solution 
satisfying (2) and (3,). It follows therefore from (i) that A» is not in S, 
for any @ distinct from y(modz). Since §’ is the common part of all 
spectra S,, this implies that A, cannot be in 8S’, as claimed by (*). 

This proves that (*) is true if (§) is granted. 


4. The proof of (§) proceeds as follows: 


For the given value, A», of A, choose two (real-valued) linearly indepen- 
dent solutions, say and of (1). Since their Wronskian, 
XX; —2,X2', when multiplied by the first coefficient function, p= p(t), of 
(1), becomes a non-vanishing constant, it can be assumed that 


(7) p(t) {x2(t)a’(t) — (t) (t)} 1. 
On the range 0= a <b define a function —,p(a,b) by placing 
b 
(8) p(a, b) — min f {x,(t)cos + 22(t)sin 0}7d0. 


Then »(a, 6) is a non-decreasing function of b. Hence, the limit p, = p(a,) 
exists for every non-negative a, with the understanding that the possibility 
Ma ==co is not excluded. It also follows that w(a,b) Sy. Actually, 
p(a,b) < pa (whether or In fact, since z,(¢) and z,(t) 
are linearly independent, it is clear from (8) that p(a,b) is a strictly 
increasing function of b. 


It will be shown that, for every fixed a, 
(9) p(a,b) as 
if rX» satisfies the assumption of (§). 

Suppose that (9) is false. Then wa< (for some a). But it will be 
shown that there exists a #* — const. satisfying 


T 
(10) Jf 6* + 2»(t)sin 6*}2dt pa 
for every T > a, and (10) implies that 1(¢) —2,(t)cos 0* + 2,(¢)sin &* is 
of class L?(0,00). In addition, this x(t) is a solution of (1) for A=Ao, and 
it does not vanish identically, since x,(¢) and z,(t) are linearly independent. 
Consequently, the assumption of (§) is contradicted. 


sat 
6 
| Ch 
an 
sul 
on 
: 0 
| as 
( 
In 
of 
be 
( 
| Ww 
( 
d 
t 
t 


ESSENTIAL SPECTRA OF EIGENVALUE PROBLEMS. 549 


Accordingly, (9) will be proved if it is shown that there exists a 0* 
satisfying (10). But such a 6* can be constructed as follows: 


According to (8), there exists on the interval 0= 6 < m at least one 

= 6(a,6) for which the integral occurring in (8) attains the value p(a, db). 

Choose b =n, where n is any positive integer exceeding a fixed value of a, 
and put 0,—9@(a,n). Then, ifa<T <4, it is clear that 


f {x,(¢) cos On + 22(t)sin 0,}*dt < p(a,n) < po 
a 
Hence, in order to conclude the existence of a 6* satisfying (10), it is 
sufficient to observe that, since 0 = 0, < z, the values 6, must have at least 
one cluster value. In fact, the latter can then be chosen to be 6*. 
This concludes the proof of (9). | 


5. In view of (9) and ‘(8), there exists a sequence of ¢-values 
- - satisfying p(T,,,T,) >1 for n—0,1,- - -and 
as n—>oo. In particular 


Tn 
(11) f dt = > 1, where n—1,2,- - - 


Tn-1 
In fact, the first of the inequalities (11) follows by observing that, in view 
of the definition (8), the integral of x(t) over an interval a = ¢ = b cannot 
be less than p(a, 
In terms of the sequence To, -, define for 0 ¢t<oo a function 
g(t), which is continuous except for possible jumps at t= T’, by placing 


(12) g(t) =C,r2(t) if Ta St < Tras, 
where n= 0,1,2,---, and, according as n—=2m or n=2m-+1, 


Toms 
(13) 1/Com = (m+1){ 22?(t) dt}4, Coma = 0. 

For this g(t), the value of the integral (2) is seen to be 3(m + 1)~?. 
Hence, this g(t) satisfies (2). It will be shown that, for this g(t), the 
differential equation (5) fails to have any solution satisfying (2). This 
will complete the proof of (§), provided that g(t) is allowed to have a 
sequence of jumps, instead of being continuous as specified in (§). But 
this complication is immaterial, since it will be clear from the proof below 
that the above g(t) could readily be smoothed out so as to become continuous. 
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6. Since z,(t) and z(t) are solutions of the homogeneous case, g(t) =0, 
of (5), it is readily verified from (7) that, if g(t) is any continuous function, 


is a solution of (5). The same holds if g(¢) is not continuous, provided that 
(5) is replaced (at the discontinuity points, say t= 7 ,7,,---, of g) by 
its integrated form, 


t t 

p(t)2"(t) —p(0)2"(0) + (als) + 
0 0 

With this understanding, the general solution of (5) is 


where ¢,, ¢, denote arbitrary constants. In fact, the difference of the func- 
tions (14), (15) is the general solution of the homogeneous case, g(t) =0, 
of (5). 

Consequently, what remains to be verified can be formulated as follows: 
If g(t) is defined by (12) and (13), then the function (15) violates the 
L?-condition (2) for every choice of the constants ¢,, Cs. 

First, if ¢ is on an interval T, =¢ < Tn, belonging to an odd n, then 
g(t) =0, by (13) and (12). It follows therefore from (15) that 


(16) x(t) (t) — Bnx2(t) if Tome St << Toms, 


where A», Bm denote the constants 


Tom+1 Toms1 
(17) An=a-+ f x:(s)g(s)ds, ff 
0 


It is clear from (8) and (16) that 


Tense 
(18) = (An? + Bu?) Tome): 


On the other hand, the second of the inequalities (11) shows that the product 
to the right of (18) exceeds (A»?-++- By?)-1. It follows therefore from 
(18) that the value of the integral (2) is minorized by the sum of the series 


( 
t t 
0 0 
t t 
0 0 
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(An? + Bn’). Consequently, the function (15) cannot satisfy the (L*)- 
condition (2) if SA,?==0o. Accordingly, the proof will be complete if it is 
ascertained that 2A,,2 oo holds for every choice of ¢,, ¢, in (15). But this, 
and even Am—>0oo as m—>oo, can be seen as follows: 
According to (12) and (17), 
Tn 


2m+1 
Am + 3 Cy as? (t) dt. 
n=1 


It follows therefore from the second of the relations (13) that Am—-, as 
m—>co, must hold if the series 


Tome 
Com 2.2(t)dt 


0 
Tom 


is diveryrent. But (13) shows that this series must diverge if the series 


Tom+1 


m=0 
Tam 


does. Since (11) implies that the latter series is minorized by the series 
+ the proof is complete. 


7. The content of (*) is that the space of functions g which are real- 
valued, continuous, satisfy (4) and have the property that (5) possesses no 
solution satisfying (2), is not empty if and only if A = Ao is in the essential 
spectrum of (1). 

This suggests the consideration of a “dual” space of functions g, 
namely, the space Q = Q(A,) of functions g which are real-valued, continuous, 
satisfy (4) and have the property that, for every a, the differential equation 
(5) possesses a solution += q(t) satisfying (2) and (3,). It turns out 
that, for every value of X=Apo, the linear space Q(Ao) is not empty and is, 
in fact, -dimensional. 

In order to see this, for a given value of A = Apo, let z,(¢) and z(t) be 
two solutions of (1) satisfying (7). If a continuous g(t) =gr(t), where 
0, satisfies g(t) =0 for and 


(19) f ff x,(t)g(t)dt =0, 


0 0 


then g(t) belongs to Q(Ao). Clearly the set of such functions g is «- 


0, 
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dimensional. For a given g, the function x(t) given by (14) is a solution 
of (5) and satisfies 7(0) —2’(0) —0; hence it satisfies (3,) for every «, 
On the other hand, if g(t) —0 for ¢ >T and if (19) holds, then - =) 
for t > T, hence z(t) satisfies (2). 
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ON THE EMBEDDING PROBLEM IN DIFFERENTIAL 
GEOMETRY .* 


By Puitip Hartman and AUREL WINTNER. 


1. The theorem. Let gi,—gix(u,v) be the elements of a 2 by 2, 
symmetric, positive definite (function) matrix, defined in a neighborhood of 
(u,v) = (0,0). The problem'to be dealt with concerns the existence of 
a 2-dimensional surface, in a 3-dimensional Euclidean space, for which 
ds? = gy,du? + 29,.du dv + go.dv?; in other words, with the existence of 


functions 2/(u, v), where = 1, 2,3, which satisfy the three conditions 


(1) (dx! /dut) = (ut =u, =v), 
j=l 


in some vicinity of (0,0). Earlier writers (cf., e.g., [2], pp. 38-39) have 
assumed that the gj, are analytic functions of (u,v); so that the Cauchy- 
Kowalewski theorem on partial differential equations becomes applicable. This 
assumption will not be made below. 

If the gi, are of class C*, then the Theorema Egregium makes it possible 
to define the curvature x = x«(u,v) =«(u,v; ix) belonging to the given gix. 
Using the Frobenius representation of the Gaussian curvature, put 


D— [At — Jrou) |v [A (g12v — Joou) Ju}, 


where A = (91:922 — 912”)3 > 0; the subscripts u, v denote partial differen- 
tiation; D is the 3-rowed determinant in which the first column consists of 
the numbers 911, 9:2, J22, and the second and third columns are formed by 
the partial derivatives of 911, 912, g22 with respect to wu and v, respectively. 

A point (u,v) will be called hyperbolic, parabolic or elliptic according 
as x(u,v) is negative, zero or positive. A (u,v)-domain will be said to 
consist of “points of the same type” if all of its points belong to one and 
the same of these three cases. 

If n= 0 and 0 <A <1, a function is called of class C"(A) in a domain 
if it possesses n-th order partial derivatives and these partial derivatives 
satisfy a uniform Hélder condition of order A with respect to all of the 


variables. 


* Received December 6, 1949. 
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THeEorREM. If n=2 and0 <p<aA< 1, and if the are given 
functions of class C"(X) and have the property that every point (u,v) in 
a neighborhood of (0,0) is of the same type, then there exist three functions F 
ai =w2/(u,v) of class C"(p) satisfying (1) in a neighborhood of (0,0). 


The question of existence of functions 2/= (u,v) satisfying (1) is 
left open in-case (0,0) is a parabolic point which is a cluster point of & 
points of elliptic and/or hyperbolic type. 


2. Counter-examples. In a certain sense, the above theorem is the f 
best possible of its type. In fact, if the given functions gj are of class C"(A), 
there need not exist functions z/—a/(u,v) of class C"(A +e), for any 
«> satisfying (1). For example, let n=2 and g,,=1+4 0", ff 
9i2 =0, goo=1; so that these functions are of class C"(A). According to i 


(2), the curvature is 
491.7 [2 +. +- coyn*> (n + r) (n + 


where ¢,, C2 are constants. Hence x is of class C"-?(A), but is not C"-?(A + «) ‘ 
for any « >0. On the other hand, if there exist functions 2/(u,v) of class : 
C"(A + «), for some « > 0, satisfying (2), it follows from the definition of 
curvature in terms of the second fundamental form that « is of class 
C™"(AX +). (Even if n= 2, the curvature given by (2) is identical with 
the Gaussian curvature, defined in terms of the second fundamental form: : 
ef. Section 7 below.) : 

At first glance, this counter-example seems surprising, since one might , 
expect that, to given gi of class (, there correspond surfaces of class ("*. f) 
The Theorema Egregium indicates, however, the presence of a “ paradox,” : 
since the curvature, which can be defined in terms of the first and second f 
partial derivatives of the x/(u, v), is expressed in terms of quantities involving f 
the third order partial derivatives of the z(u,v). Actually, a more general : 
formulation of the Theorema Egregium avoids this difficulty. Such a formu- i 
lation was given by Weyl, [12], pp. 43-44 (cf. van Kampen, [3], p. 135) F 
and will be used in the proof of the Theorem; see Section 7. ; 


8. The parabolic case. If the gix(u,v) are of class (A) in aff 
neighborhood of (0,0), then there exists a pair of functions u—u/(w’,v’), § 
v=v(u’,v’), of class C"**(A) in a neighborhood of (w’, v’) = (0,0), which 
have the properties that w(0,0) = 0, r(0,0) = 0, that 0(u, v) /0(w’, v’) 


and that the line-element belonging to 
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(3) : /du’*) (dui /du’™) ( u’?) (w’, v’), 


kK=1 
is conformal, that is, g's. and For the case see 
Lichtenstein [7]; if n 20, see Lichtenstein [6], also Korn [5]. Clearly, 


the functions 9g’, are of class ((A). 
If n= 2, the invariance of the Gaussian curvature and the Theorema 


Egregium (that is, (2)) show that 
/au’? + er/dv’? = 0, = 9/1, = 922), 


since it is assumed that the curvature is identically 0. Since I is of class 
0?(X) (hence, of class C?), it follows that T is analytic. Accordingly, there 
exists, in a neighborhood of (u*,v*) = (0,0), a pair of analytic functions 
u=w' (u*,v*), v—v'(u*,v*) having the properties that u’(0,0) =0, 
(0, 0) = 0, that 0(u’, v’) /d(u*, v*) and that the line-element belonging 
to 


9* (u*, v*) = (du’i/du*™) , (u*!, u*?) (u*, v*) 


j=1 q=1 


is Euclidean, that is, = g*.2==1 and g*,;.=0. 


The composite transformation (u,v) > (u*, v*) is of class C"**(A), and 


has a non-vanishing Jacobian, near (0,0). Hence the inverse transformation, 
u* = u*(u,v), = v*(u,v), has the same properties. Put —u*(u,v), 
a? = v*(u,v) and ?=0. These functions are of class ("*1(X) and satisfy 
(1), since du*? + dv*? = g,,du? + 2g9,.du dv + geodv. 

This completes the proof of the Theorem in the parabolic case. In fact, 
the solutions z/(u,v) of (1) exist, and can be chosen to be of class ("**(A), 
in this case (instead of merely of class C"(y), as stated for the general case). 


4, Two Lemmas. Before proceeding to the elliptic and hyperbolic 
cases, two lemmas concerning the existence of solutions for partial differential 
equations will be proved. Lemma 2 below is suggested by Picard’s theorem 
[10] on the existence of solutions of linear boundary value problems on small 
domains and by Lichtenstein’s theorem ([8], pp. 89-96) on non-linear elliptic 
partial differential equations involving a small parameter; principles which 
go back to H. A. Schwarz. Lemma 2 is also related to the procedure used by 
Weyl ([12], pp. 64-68) for the “embedding in the large” of a first funda- 
mental form near to that of a sphere. 

Let r>0, 0 <p» <1, and let f(u,v) be of class C°(u) (that is, let f 
satisfy a uniform Holder condition of order ») in the circle @,: u? + v? < 1°. 
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By the symbol |f |, will be meant the least (non-negative) number V 
satisfying both 

| f(u,v)| SM and | f(ut+h,v+k) —f(u,v)|(h? 


for all pairs of distinct points (u,v), (ut+h,v+k) in @,. If a function 
w(u,v) possesses continuous second order partial derivatives in @,, put 


If w(u,v) is of class C?(z) in @,, let || w || denote the greatest of the six 
. numbers | |p, | We |p,- -,|We|p. For a given f or w of class C°(p) or 
C?(u) on 4p, the numbers | f |,, || w || are functions of r (on an interval 
PR). 


Lemma 1. In a neighborhood of (u,v) = (0,0), let at—ai(u, v), 
where 1=1,2,- - -,6, be functions of class C* satisfying 


(5) a’a? — 4a'a’ ~ 0, 


and let 0O<p<i1. Then there exists a pair of constants R, M (depending 
on p) with the property that if 0 R, and if f =f (u,v) is of class C°(p) 
in 6, then there exists a function w = ws = w(u, v) of class C?(p) satisfying 


6 
(6) 


é=1 


in ,; also 


finally, w = wy depends linearly on the function f. 


In the applications below, the functions ai(u,v) will be analytic. In 
this case, the proof of Lemma 1 shows that if f is of class C"(p), then wy is 
of class C"**(), and that there exists an estimate of the type (7) for higher 
order partial derivatives. 


Proof of Lemma 1 when a’a*—-4a'a* <0. In this case, (6) is an 
inhomogeneous linear partial differential equation of elliptic type. If R is 
chosen sufficiently small, the function w = w;(u,v) can be chosen to be the 
unique solution of class C?(u) of (6) satisfying w(u, v) = 0 for u? + v? = 7°; 
cf. Lichtenstein [8], pp. 91-92 and the references given there. The estimate 
(7) goes back to Korn [4]. That M can be chosen independent of r (on the 
range 0<r=F) follows from Korn’s proof of the existence of M for a 
fixed r; cf. [7], p. 201, footnote 2. 


(7) |o | SM ln; 
if 
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M 


Proof of Lemma 1 when a’a*—4a'a® >0. In this case, (6) is an 
inhomogeneous linear differential equation of hyperbolic type. If R is chosen 
sufficiently small, the function w = w;(u,v) can be chosen to be the unique 
solution of class C?(y) of (6) satisfying w(u,v) —0 on suitably fixed arcs 
through (0,0). In order to see this, let a transformation u=—u/(w’,v’), 
v= v(wu’,v’), of class C* and of non-vanishing Jacobian, be so chosen that, 
if u, v in (6) are replaced by w’, v’, then (6), in terms of wu’, v’, appears in 
the standard normal form 


ion 


We + + + awe = fo. 
or 
ral If w=—w(w’,v’) denotes that solution of this normal form which satisfies 


the conditions w(0,v’) =0, w(u’,0) =0, then Riemann’s integral repre- 
sentation shows that w has the properties claimed in Lemma 1. 


LemMMA 2. In the Monge-Ampére differential equation 


m=1 k=4 


5 5 
(8) — 227) + + d = 0, 


let a, Dim, @ be functions of (u,v) satisfying, in a neighborhood (0,0), a 

| uniform Holder condition of order A, and let, in that neighborhood, 

(9) 
e 

Then, if 0<p<rA<1, there exist functions z—2z(u,v) of class C?(p) 

satisfying (8) in some neighborhood of (0,0). 


ad = 0. 


The proof will show that if the functions a, dim, d are of class C"(A) 
in a neighborhood of (0,0), then the solution z= z(u,v) can be chosen of 
class 


: Remark. That the existence of solutions of (8) in the small is not 
| trivial can be seen from the fact that there exist comparatively innocent- 
looking partial differential equations possessing no solution in the small. 
For example, if /(u) is a continuous, nowhere differentiable function and 
> f(u,v) =F(u+v), then the considerations of Perron [9], pp. 550-551, 
» show that z,—z,—f, a linear partial differential equation of first order, 


has no solution. 


In order to systematize the notations, the equation (8) will sometimes 


be written as 


5 5 
(8 bis) + d= 6, 


k=1 k=1 


a 
| 
| 
a 
] 
] 
| 
3 
2 


558 PHILIP HARTMAN AND AUREL WINTNER. 


where it is supposed that Dim and = b,. = bo; = = 0, while 
Doo = id. 


Proof of Lemma 2. Denote the expression on the left of (8) by 
{U, V, 21, Z2,° * *,%5), and consider the partial differential equation 


(10) $(0, 0, 41, %5) = 0. 
Let the numbers 2°, 2°, be chosen in such a way that (0, 0, 2°,, 0, 2°s, 0,0) = 0; 
such a choice is clearly possible, since a(0,0) 40 in (8). Since d(0,0) £0, 
it follows that 2°; 40, 25,40. Thus 0(0, 0, 2°s, 0, 2%, 0) = a(0, 0) 2°, 
~0. Hence, (10) can be written in the form 
(11) — (22, 23,5 245 Zs) == () 
in a neighborhood of (2,,° -,25) = (2%, 0,2°s,0,0). The function y is 
analytic in its four variables. It follows therefore from the Cauchy-Kowalewski 
theorem that (11) possesses in a neighborhood of (0,0) an analytic solution 
z= W(u, v) satisfying W,(0, 0) = W;(0, 0) = 0; actually, W4(u, 0) = W.(u, 0) 
and W,;(u, 0) = W,(u, 0) can be assigned arbitrarily (subject to the restriction 
that they be analytic, and small in absolute value). 

The fact that z= W is a solution of (10) can be written as 


5 5 

m=1 k=1 
where Bin = bim(0,0), d®’=d(0,0). Put z—W(u,v) +w in (8). This 
substitution transforms (8) into a partial differential equation for the 


unknown function w, 


5 
= Dim (Wi. Wx) (Wn + Wm) d= 0; 


m=1 k=1 


cf. (8bis). Hence, from (12), 


(13) ( > Wm) Wx + IT, 
m=1 k=1 
where 


5 5 
(14) P =P(u,v) =43 dim) + $(d° — d) 
k=1 m=1 


and 
5 


5 5 5 
(15) II = TI(u, v, Ws) > > Dim) W mx 4 > DimWmWk- 
m=1 k=1 m=1 k=1 
5 
The expression on the left of (13) is of the form (6), where a* = 3 B°.mWm 
m=1 
for k =1,---,5, while ag=0. Since (8) and (8bis) are identical, and 
since W,(0,0) = W;(0,0) = 0, it is seen that 


| 

1 
| 
1 
fl 

t 
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a’a” — 4a'a* = 4a°d° ~0 for (u, v) = (0,0). 

| Consequently, Lemma 1 is applicable to equations of the form 

5 5 . 

> ( > Wm) Wx 

k=1 m=1 

| The proof of Lemma 2 will now be completed by the use of success ve 


| approximations. 


5. The Successive Approximations. To this end, a few inequalities 


will now be collected. 

If RF is defined as in Lemma 1, let 0<r< FR. Let the norm symbols 
+ lp, where O0<p<A<1, refer, as above, to the circle 6,: 
Let w(u,v), *w(u,v) denote two functions of class C?(p) 


| in @, and let 2 be a number satisfying 


(16) | w | Saand | *w || Sa. 


| Choose 8 = B(r) in such a way that 


(17) | Dim — = B and | d—d° = B, 
and that 
(18) B= B(r) 0 as r> 0. 


| (that B(r) can be chosen to satisfy (18), as well as (17), is a consequence 
© of the assumption that bz» and d satisfy a Holder condition of order A > ,»). 


Finally, let 

(19) ‘T(u, v) = TI(u, v, w,,° +, Ws) and *II(u, v) = II(u, v, *w,,: -, *ws). 
: It follows from (14) and (15) that there exist constants A, B such that 

(20) 4g 

and 

(21) | S AB(a+B) and | B(a + B).| w— *w |. 


The constants A, B can be chosen independent of r if O0< rir, < R (for 


a fixed ry). 


If M denotes the constant occurring in Lemma 1, let r >0 be so small 
that 1— MAB(r) > 0, and put 
r= 1(r) = MAB(1 + 8)/(1— MAB) ; 
so that 


(22) MAB + 8) =7, 
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and r(r) +0 as r—>0, by (18). If r>0 is sufficiently small, then 
(23) q=q(r) = 8) <1. 


For sufficiently small + > 0, define a sequence of successive approxi- : 
mations as follows: w°(u, v) =0 on @, and, if w°,- - -, wi have been defined, 
wi(u,v) is that solution of 


5 5 
(24) wit, = P(u, v) + v, wi,,- +, wis) 


k=1 m=1 
on 4, which is supplied by Lemma 1. 
If r > 0 is so small that the above 7(1) is defined, then 
(25) || w || Sr for j—0,1,---. 


In fact, the inequality (25) is trivial for 70. Suppose that (25) ; 
holds for some j= 0. Since (20) and (21) are consequences of (16), it P 
follows from (20) and the first inequality in (21) that 


| P(u, v) + v, wi,,- -,wis)|p» SS AB + AB(r + B). 
Then, from (7) and (22), 
|| w** | = MAB + MAB(r + B) =r. 


This completes the induction proof of (25). 
If 7 = 1, equations (24) show that 


5 5 
Wn) (wi? — 


k=1 m=1 


Since the solution w;, supplied by Lemma 1, depends linearly on f, it follows 
from (7), and from the second inequality in (21), that 


|| wi? — wi | = BM (7 + B)|| wi |. 


Hence, if + > 0 is so small that (23) holds, then the series & || wi! — wi | 
is convergent. In view of the definition of ||- - - |], the series &(w/*? — w/) 
is uniformly convergent, and its sum w(u,v) is of class C?(n) on 6, and 
satisfies (13) on 

This completes the proof, since z= W(u,v) + w(u,v) fulfills the 
assertion of Lemma 2. 


Remark. It should be mentioned, for later reference, that w = w(u, v; 1) 
clearly is subject to the inequality || w || [ (1—q)-+r. Hence, || w || can be 
made arbitrarily small by letting r— 0. 


| 

i 


roxi- 
ined, 


25) 


r) 
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6. The elliptic and parabolic cases when n=3. Let the functions 


| gx = Gix(u,v) be of class C"(A), where n= 2, and let x(u,v) 40 in a 


vicinity (0,0). Following a formal device of Weingarten ([11], pp. 3-4; cf. 
Darboux [1], pp. 253-254), the problem will be reduced to the determination 


of a function z z(u,v) for which the matrix (yx) is positive definite and 


x«(U, V3 yix) =0, where 


° 


411 = — = Y12 = —— Zurv,y Y22 = J22 


Actually, x(u,v;yix) is not defined unless z is of class C*. If it is 
assumed that z = z(u,v) is of class C*, the equation x(u, v; yix) =0 becomes 


Aa partial differential equation of second order, of the type (8), for z 


(so that no third order partial derivatives of z appear); cf. Darboux [1], 
p. 254. By a suitable normalization of (8), the function a(u,v) becomes 
—-4( 911922 — 912”) #0, while d(u,v) is identical with 4(91:922 — 912°). 
k(U, V3; #0. The functions bym(u,v) are quadratic polynomials in the 
gi, and in their partial derivatives of first and second order. 

If the gi, are of class C"(A), where n = 2, then the coefficient functions 
of (8) are of class C"-(A). Hence, for sufficiently small r, there exist in 6, 
solutions z— z(u,v) of class C"(n). It follows from the Remark at the 
end of Section 5 that then the matrix (yx) is positive definite, if r is 
sufficiently small. For, on the one hand, z—W(u,v) +w(u,v) and 
W,(0, 0) = W,(0, 0) = 0, and, on the other hand, the function w = w(u, v; r) 
has the property that || w || can be made arbitrarily small by choosing r 
sufficiently small. 

Assume that n= 3. Then the corresponding functions yi, are of class 
C"-*(n), and so of class C?(u). An adaptation of the procedure applied in 
Section 3 shows that there exist functions u* = u*(u,v), v* =v*(u,v) of 


class C"(y) satisfying 
du*? dv*? + du dv + Y22 
Hence 21 = u*(u,v), = v*(u,v), z?—2z(u,v) are of class and 


satisfy (1). This completes the proof of the Theorem (Section 1) if n=3 
and «x0. 


7. The case x~0 and n=2. In order to complete the proof of the 
theorem for this case, considerations suggested by those of Weyl ([12], pp. 
43-44; cf. van Kampen [3], p. 135) will be used. 

For given functions gj, of class C*, the equation (2) and Green’s theorem 
show that 


— 
3 
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2 ff du w——3f f A=D du dv 


f — Jr2u) du + A*(Jiov — Grou) dv}, 


where § is any simple Jordan curve, of class C', and T is its interior. On the 
other hand, if the gj, are only of class C', and if there exists a continuous 
function x(u,v) satisfying (26), then x(u,v) can be declared to be the 
curvature belonging to gix. 

If the functions z and gj, are of class C, it is easily seen that, in this 
sense, there exists a curvature and that —=(U,v,%,° °°, 
zs) /4(det yix)*, where @ is the expression on the left of (8) as normalized 
in Section 6. In fact, (2) shows that it is only necessary to establish the 
validity of the Green formula 


f ZuZuv) du (ZeZuv — ZuZvv) dv 


2 f f (ZuuZvv Zuv)*du dv 
T 


where § = (det yi,)3. Since this formula holds if z(u,v) is of class C%, it 
holds also if z(u,v) is of class C, as can be seen by approximating z uniformly 
by polynomials in such a way that the first and second order partial deriva- 
tives also converge uniformly. 

Let the giz be given functions of class C?(A), and let z be of class 
C?(u) and a solution of (8). Then «(u,v; yu) is defined and is 0. Let 
u=u(u’,v’), v=v(u’,v’) be a transformation of class C*(p) satisfying 
u(0,0) =v(0,0) =0 and A(u,v)/d(w’, v’) and having the property 
that the line-element belonging to 

yim = (Oui /du’m) 
J=1 
is conformal, that is, >0 and cf. Section 3. Let 
22 and The expressions D, A in (2), corresponding 
to conformal y’i,, are 0, y, respectively. Since «x is invariant under trans- 
formations of class C*, and since x =0, it follows from (26) that 


f {ar/av’ du’ — /du’ dv’} =0 
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| as follows: 
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holds for any sufficiently smooth Jordan curve S. Hence [ is analytic 
in a vicinity of (w’,v’) = (0,0). The proof can now be completed as in 
Section 6 (cf. Section 3). 


Remark. An inspection of the partial differential equation (8), occurring 


in Section 6, shows that it contains second derivatives of the giz only in the 
| particular combination which appeared in definition (2) of the curvature x. 


Hence the above proof shows that the Theorem (Section 1) can be refined 


If n=2 and 0X p<KA<1 and if the gi, are of class C™(A) and x 
is of class C""(A), then (1) possesses solutions x/ = x/(u, v) of class C"**(p). 


For the “ parabolic case ” of this theorem, cf. the end of Section 3. 
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A CLOSED SET OF ALGEBRAIC INTEGERS.* 
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By JoHN B. KELLY. 


hen,” 


1. Introduction. A P. V. (Pisot-Vijayaraghavan) number is an alge- 

braic integer, 6, all of whose conjugates over the rational field, with the 
exception of @ itself, lie inside the unit circle. P.V. numbers are of impor- 
; tance in certain problems of Diophantine approximation, chiefly because 0 
; and 1 are the only limit points of the sequence whose elements are the 
fractional parts of the powers of 6. Salem [5], [6], proved the surprising 
result that the set of P. V. numbers is closed, in the topological sense. Here 
| we shall establish a similar theorem for a closely related class of algebraic 


h ihr 
ft in 


| integers. 
Let us denote by S, the class of all P. V. numbers; let us further denote 
' by S» the class of all algebraic integers, 6, which have one conjugate, @’ (+ @) 
lying, together with 6, outside the unit circle, while all other conjugates of 9 
| lie inside the unit circle. The numbers of S. split naturally into two classes: 
| §8’., the class of real numbers in S, and 8”, the class of all imaginary 
numbers in S,. If is in is real, while if is in is imaginary 
| and @ =8. S., unlike S,, is not closed, and neither is S’,. In fact, the set 
| of real quadratic algebraic integers is everywhere dense on the real line. Real 
| quadratic integers outside the unit circle belong either to S, or 8’. The 
| integers of S, form a closed set; clearly the quadratic integers of S, cannot 
be everywhere dense. It follows that 8’, is not closed and that also S. is not 
| closed. Now 8”. is not closed either, for S’”, may have real limit points; 
however, the following theorem is true: 


THEOREM 1. The imaginary limit points of S”, are in S”,; the real 
limit points are in S;. Thus 8, -+ 8”. is closed. 


The main part of this paper will be devoted to a proof of Theorem 1. 


2. Proof of Theorem 1. Our proof is based upon a succession of lemmas. 


In what follows, ¢o,¢:,° Will be rational integers, while 
will be a complex number such that |6|>1. We define the complex 
numbers p;» and po» by the equations 
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Pin = Pi n(9) = — = p2 n(9) — + 6) + 
We have the obvious identity 
(1) pon = pind — pi nar 


LemMaA 1. [f pon remains bounded as then cy =0(|6| 
where ¢ is an arbitrary positive number. 


Proof. Let |pon| <M, n=0,1,2,3,---. From (1) we have 
| pr nsr | < | pin||@|+ whence it easily follows, by induction on n, that 


S| pro] | | 6)", 


where A =|pio|+ M/|@|—1. In other words, | | SA | 
n= 0,1,2,3,---. Another induction on n gives |¢,|<nA|6 
+ {c)||@|", from which Lemma 1 follows immediately. 


LemMaA 2. If g(z) = DS an2" is a rational function and lim a, = 0, then 
n=0 n> 


g(z) has all tts poles outside the unit circle. 


Proof. Let 1/8:,1/B2,- - -,1/B; be the poles of g(z). Suppose that 
their orders are respectively. For all n sufficiently large, 


An = > Pi(n) Bi", where P;(n) is a polynomial of degree r;,—1. Assume 
i=1 

that g(z) has poles inside or on the unit circle. Let 1/B,,- - -1/Bs, be 

those of minimum modulus 1/p, where p=1. Since lima, —0, we have 


r;-1 
lim =0. If Pi(n) = Sgini and where | | —1, 
j=0 


n—> oc i=1 


8 r 8 
then lim p" Pi(n) = lim p" ¥ = 0, where r = max (7; — 1). 


n> n> j=0 i=1 


8 
It follows that lim = lim é,—0. Consider the system of linear 


n—>o n> oo 


equations 


8 
= Snips p= 0, 
i=1 


This system has the solution 


s-1 
Gr = NipOnip/Pi"A, 


p=0 


where the coefficients A;, are independent of n while A, the Vandermonde 
determinant derived from ¢:,¢2,- is not zero. Letting n—>0o, we 


fi 
e 
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find that gi; = 0, i=—1,2,---,s. In the same way —0, Jir-2=0,° 
= 0, 1, 2,- -, 8, so that Pj(n) =0, 1,2,---,8. 


420 


LemMA 3. If Spon converges and if infinitely many of the integers, 
n=0 - 
Cn, are distinct from 0, then (a) if 040, Oe (b) tf 0=8, Oe 8. 


Proof. We show first that {cn} is a recurring sequence, that is, there 
exist constants @,,° - such that 


(2) Cn+k + + + = 0, 


for all n greater than some fixed integer mp. This will follow from the 


vanishing of the determinant, 


a /2 2 22 


Cy 


hen 


Cn Cnsi* *Con Cn Cn+1 P2n P2nti° P2 2n-2 


for n>m. (Cf. [1]). From Hadamard’s determinant theorem we have 


hat 
oe n nt+1 n n+1 2n-2 
j=0 j=l j=0 j=n-2 
me 
Since, by Lemma 1, | c; | < AH‘, we have Sc; > ¢? < A,H*"**, where A, 
be j=l 
ive isa constant. Let Ry. Then D,? Since 
jah 
; lim R, = 0, lim D, = 0. But D, is an integer. Hence there exists an integer, 
no, Such that D, 0 for all n > mp, and {c,} is a recurring sequence. 
) 
Hence f(z) = is a rational function. Also, g(z) = pz is a 
n=0 


n=0 
rational function and f(z) = 22g(z)+ + + — 4z)(1 — 82). 
It follows from Lemma 2 that g(z) has no poles inside the unit circle. 
f(z) must have poles inside or on the boundary of the unit circle, since 


ar 


otherwise we should have lim c, = 0. These poles can be only at 1/6 and 1/6. 


3y the Fatou-Hurwitz theorem on rational functions whose power series have 
integral coefficients, cf. [3], the poles of f(z) are the reciprocals of complet¢ 
sets of conjugate algebraic integers. Thus 6¢S”, if 60, while 0€8, 
if O=6. 

The argument used in obtaining Lemma 3 resembles that employed by 
Pisot in proving a somewhat similar result for S, (Cf. [2], [4]). The 


that 
6 |*, | 
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obvious analogue of Lemma 3 for S, is also true; if > p:»” converges and if 
n=0 


infinitely many of the integers c, are distinct from 0, then 6¢ S,. 
Lemma 4. If 6¢8”, and k is a positive integer, there exist rational 
integers Co,Ci,° * *,Cn* * +, tndependent of k, such that 
n=0 n=k n=2k 
= 1+ (6 + + 


Proof. Let @ be a root of the primary irreducible polynomial P(z) 
which has rational integral coefficients. Let P(z) have degree r and let 


Q(z) = z"P(1/z). In some neighborhood of the origin we have P/Q = > ¢n2", 
n=0 


Where the coefficients c, are rational integers, since Q(0) The function 
P/Q is regular for | z | <1, save possibly for poles at 1/@ and 1/6; and the 
function (1 — 6*2*) (1 — 6*2") P/Q is regular at all points of |z| <1. Setting 
z= e'?, we obtain from Parseval’s equality , 


= Ta (1 P/Q |? dd +3 (cn Cn_1( O* )? 


+ — Cnn (O + 8°) + 


n=2 


and 
= J, — (1 — Beak) |? dp — 1+ ( +4 


Since | P/Q | =1 when | z | —1, these two expressions are equal. Lemma 4 
is an extension of a lemma proved by Siegel ([7%]) for S; and k=1. The 
same argument is used here. We remark that the function P/Q will actually 
have poles at 1/6 and 1/6 unless P(1/6) = P(1/6) =0(. Since 6 is in 8”,, 
this can occur only if @ is a biquadratic unity. 


LemMaA 5. Let *,¢n,° be chosen as in Lemma 4. Then, if 
6 is not a biquadratic wnity, c, and cz; are not both zero, k =0,1,2,---. 


Proof. Since ¢ = P(0)/Q(0) = P(0), and P(z) is irreducible, c,? = 1. 
Suppose that cy = C2, 0, for some particular value of & >0. Then the 
terms on the left-hand side of (3) corresponding to n= 0, n—=k and n = 2k 
have the sum c,2(1-+ (6* + 6)? + (66*)*). This is compatible with Lemma 
4 only if c.—-+1, and all remaining coefficients are 0, so that P/Q is 
regular in | z| <1 and @ is a biquadratic unity. 
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Lemma 6. Let be chosen as in Lemma 4. Then 


| Cm | (1+ 2) % < | 6 |2 4 2, 
m==(),1,2,°-- 


d if 


onal 


Proof. Set k—m-+1 in Lemma 4 and observe that all terms on the 
left-hand side of (3) are non-negative. 

We turn now to the proof of Theorem 1. Let a be the limit of a 
sequence {6,} of algebraic integers in S”,. We are to show that a is either 


in or in 

Proof. The sequence {6,} is bounded ; for all s we have | 6,| << M. Hence 
the sequence {@,} can contain only a finite number of biquadratic unities, 
for the number of algebraic integers of a given degree, lying, together with 
their conjugates in a bounded region, is finite. We may therefore suppose 
that these biquadratic unities are deleted from {6,}. 

Corresponding to each element, 6,, of our sequence, we construct, as in 
Lemma 4, a sequence of integers Cys so that 


(4) Cos? + (Co + 6.) + ps n°(02) = 1+ (06 + + (0.0s)?. 


From Lemma 6 we have 


(5) | | << +4 2, 1,2,- > 


The bounded sequence ¢o, consists only of integers; hence some integers 
must occur infinitely often. Call one of these integers co. We may extract 
an infinite subsequence {6,,} from our original sequence such that Cy s, = Co, 
= 1,2,3,---. Clearly co 0. 

Similarly, the bounded sequences c; ,, and cz, consist only of integers, 
so that some integers must occur infinitely often in each of these sequences. 
Choose one of these integers from each sequence and call them c, and ¢o. 
We infer from Lemma 5 that one of the sequences c,,, and cz, contains 
infinitely many elements distinct from 0, hence at least one of the integers 
C1, Co, may be chosen distinct from 0. We may extract an infinite subse- 
quence {6,,} from the sequence {6,,} such that Co 5, = Co, C1 = C1, C2 5, = C2, 
8, == 1,2,3,---. 

Proceeding in this way, we construct an infinite sequence of integers: 
{Cn}. Repeated application of Lemma 5 enables us to choose the integers 
Cz and Csg (where 2q contains 2 to an odd power) in such a way that one of 
them is distinct from 0. Moreover, for any integer, m = 0, there exists an 
infinite subsequence {6,,,} of our original sequence {6,} such that Cn s,, = Cn, 
1,2,° mM, & = 1, 2,3,- 
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We now demonstrate the convergence of the series ¥ p.n7(«). Theorem 1 
n=0 


will then follow from Lemma 3, provided that |«|1. We have 


m-2 


Let ¢ be an arbitrary positive number. Choose Sm 80 large that | a—Q,,,| <e 
Observing that Cn—Cns,, we find that 


| po n(%) — po n(9z,,) | | Cn a |? — |?] +2 | | | |, 


n==(),1,---,m—2. 
From (5) we obtain | cn | =| Cns,, | << M?"*? + 2, n= 0,1, 2,- -,m, whence 


(7) | p2 n(a) n(9 | (Mem? 4 2) (2M + 2 )e, 


Similarly 


(8) | p2n(%) + 2( Mem? + 2) (M+ 1)?, 


- Multiplying (8) and (7) and summing over n, we have 


m-2 


| [pe n?2(%) — pe n? (Os) || < 4( Mem? + 2)2(M + 1)3(m — 1)e, 
n=0 


m-2 


Since « is arbitrary, we can conclude from (6) and (4) that > ps n?(a) 
n=0 


=1+4M?+ M*. Consequently, > p2n?(a) is convergent. 


n=0 

We complete the proof by showing that the excluded case | «| =1 
cannot arise. 

Any positive integral power of a number in 9S”, is either in 8”, or 
in S,. If the sequence {6,} converges to « = e?%, then the set of all positive 
integral powers of all numbers in the sequence will have a limit point, ag, 
on each circle r—=R, R=1. If R>1, then ag must, by what we have 
already proved, belong to S’”. or S,. Every number in 8”, or S, is algebraic 
and must have an algebraic modulus. But R may be transcendental. This 
contradiction shows that | «| ~1. 


3. Concluding remarks. We could have dispensed with Lemma 1 
altogether in our proof of Theorem 1 if we had strengthened the hypothesis ' 


m-2 m-2 

a 
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in Lemma 3 by requiring that c, = O(B"), for some B>1. This condition 
is fulfilled by the integers c, used in the proof of Theorem 1, on account of 
Lemma 6. However, we feel that Lemma 3 is of some interest in its own 
right, and we have stated it in as strong a form as possible. 

Either of Salem’s proofs that S, is closed may be employed, with more 
or less obvious modifications, to prove that part of Theorem 1 which concerns 
the imaginary limit points of S”,; however, we were unsuccessful in our 
attempts to adapt them to the rest of Theorem 1. The basic idea underlying 
our proof is similar to that underlying his first proof [5], but there are 
considerable differences in detail. Our Lemma 3 plays the réle of Pisot’s 
theorem, while Lemma 4 play the réle of Salem’s lemma. 

We have tried to extend Theorem 1 to still wider classes of algebraic 
integers. Let S; be the class of all algebraic integers, 6, having exactly k 
conjugates, including 6 itself, outside the unit circle, and all remaining con- 
jugates inside the unit circle, with none on the circle. An argument just 
like that given in the introduction for k = 2 shows that 9S; is not closed if 
k>1. If, ignorant of this fact, we were to try to use the methods of this 
paper to prove that S; is closed, we should find that, although our sequence 
is bounded, the conjugates i= 1,2,- - -,k—1,s—=1,2,--- may 
very well be unbounded. It is natural then, to impose the further restriction 
that the conjugates be bounded also. The right-hand side of the analogue of 
Lemma 4 with 6 replaced by @,, is then a bounded function of s, a property 
which we used several times in our proof of Theorem 1. We can then extract 
a subsequence of the sequence {6,} such that we can form k*—1 sequences of 
conjugates which are also convergent with limits, say, @,,%2,° °*,@-1. One 
might expect that then each of the numbers @, a,, @,- - +, a. would belong 
to some S, with rk. However, one finds that the complete analogue of 
Lemma 3 is false. All that we can say at the present time is that at least 
one of the numbers @, - -,%,-, belongs to some S,, with 

Since S, + S”, is closed, every point of S, + 8”, is either a limit point 
or an isolated point. It would be of interest to determine which points of 
S,+ 8”, are limit points and which are isolated points. Siegel ([7%]) has 
carried through a similar investigation for S,; he has shown that 8, has no 
limit points in the closed interval, [1,22] and has found all the isolated 
points in this interval. However, nothing is known beyond this; the identity 
of the smallest limit point has not yet been determined. The problem for 
S,-+ 8”, appears to be even more difficult. We can merely state that, as 
shown at the conclusion of the proof of Theorem 1, S,-+ 8”, has no limit 


points on the unit circle. 
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DYNAMICAL SYSTEMS WITH INDETERMINACY.* ? 


By WILFRED KAPLAN. 


1. INTRODUCTION. 


1.1. Classical dynamical systems. The classical theory of dynamical 
systems concerns the properties of the solutions of differential equations 


(in local coordinates) in an n-dimensional manifold M, the phase space. 
This theory has been developed to a considerable extent through the efforts 
of Poincaré, G. D. Birkhoff and others. The results obtained concern methods 
of obtaining solutions (usually in series form), existence and stability of 
periodic solutions, nature of singular points, existence of wandering motions, 
| recurrent motions and other special types of solutions, and ergodic theory. 

In general one is impressed with the complexity of the problem. For 
n= 2a complete analysis of all possibilities appears achievable, but for n = 3 
or more such a program appears hopeless. 


1.2. Introduction of indeterminacy. In the present paper the state- 
ment of the problem is modified as follows. Instead of studying the exact 
solutions of the above differential equations, one considers the e-solutions, 
solutions 2; 2;(t) for which the velocity vector da;/dt differs from the 
prescribed vector f; by ‘less than e’ (a condition to be made precise below). 
In effect one thus replaces the given direction at each point by a ‘cone of 
directions,’ so that the direction of the solution at each point has a certain 
degree of indeterminacy. : 

Such a modification is not unfamiliar, a similar approach being used in 
the theory of random processes. Here, however, the probability aspect will 
not be emphasized, the answers to all questions being given in the form of 
“ves” or “no” (possibility or impossibility). 

The reasons for the introduction of indeterminacy are as follows. It is 
felt that this is a more realistic formulation of the physical problem for 


* Received November 9, 1949. 

1 Presented to the American Mathematical Society on April 27, 1946 and September 
9, 1948. The present paper is a result of research initiated under the sponsorship of 
the Office of Naval Research and conipieted while the author was a Guggenheim Fellow. 
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which the theory of dynamical systems has been devised. In every concrete 
physical problem a certain amount of approximation is needed before the 
problem can be reduced to precise mathematical form. In many cases the 
approximations used can be estimated, at least roughly, so that one has some 
knowledge concerning the “e” involved. Thus there appears to be a natural 
physical basis for the present approach. But, as will be seen below, the 
introduction of indeterminacy has the further advantage of greatly simplifying 
the mathematical description of the family of solutions. 


1.3. Summary of results. One introduces a partial order in M by 
the definition: x < y if there is an e-solution from z to y with increasing t. 
It may then happen that x <y< wx for some x and y, so that there is a 
periodic ¢-solution through xz and y. In such a case, or if x coincides with y, 
one writes: «= vy, and thereby defines an equivalence relation which decom- 
poses M into equivalence classes, termed “states.” Each state consists either 
of one element, in which case the state is termed transitory, or of the points 
of an open subset of M, in which case the state is termed stationary. The 
state containing x is denoted by x(a), the set of all y such that y < z is 
denoted by a(x). A stationary state r(x) is called w-stable if x < y implies 
y en(x), a-stable if y << x implies yex(z). It is shown that, if M is compact, 
there are in all a finite number of w-stable stationary states r(2,),- - -, (zy) 
and every x in M satisfies an inequality: « < z; for at least one z;; a similar 
statement applies with regard to a-stability. The sets F; = «(z;) are open 
and cover M. The nerve of this covering is a complex ® which describes the 
qualitative structure of the family of «-solutions. It is shown that the com- 
plex ® is ‘in general’ insensitive to small changes in the allowed error «. 
It is further shown that, except for certain critical choices of e, the complex 
® can be computed from an analysis of the given vector field at a finite 
number of points of M. This last result is the basis of a numerical method 
for obtaining the w-stable stationary states and the complex ®. This is 
illustrated in the case of the Van der Pol equation. 


2. FLOWS IN PARTIALLY ORDERED SETS. 


2.1. Partial order and flow. Let M be a set of elements: z,y,- - ° 
with order relation < such that << y and y<zimply x<z. Then M will 
be termed partially ordered. The set of all y such that y < x will be denoted 
by a(x); the set of all y such that 2 < y will be denoted by w(z). If, for 
each 2 in M, the set a(x) is non-void, then the partial order will be termed 
a-extensive ; if, for each 2 in M, the set w(x) is non-void, then the partial order 
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will be termed w-ertensive ; if both «(x) and (2) are non-void for all x in M, 
then the order will be termed extensive. If the relation z < x holds for no z 
in M, then the partial order will be termed proper. 

The partial order can be thought of as representing a flow with indeter- 
minacy in M. Thus the relation x < y can be interpreted as meaning: it is 
possible to move from z to y with increasing time ¢. In a classical dynamical 
system the relation x < y would mean simply: the trajectory z = $(¢) passing 
through a when ¢ = 0 passes through y for some positive ¢; here the indeter- 
minacy is degenerate: if « < y, then it is not merely possible but inevitable 
that the trajectory through x reaches y at a later time. The indeterminacy 
can arise, as will be discussed in Section 3 below, through replacing the exact 
differential equations of a classical dynamical system by inequalities, reflecting 
incomplete knowledge of the system. 

A relation: z < x is simply a statement that there is a closed (periodic) 
orbit through 2. There is thus no reason for excluding this possibility for a 
general flow. Accordingly, the partial orders consider here are in general 


improper. 


2.2. The states x(x). Let M denote a fixed partially ordered set. 
For each 2 in M the set r(x) is defined by the equation 


a(x) = {x} U (a(z) A o(z)). 


Thus x(2z) consists of x plus all y such that x < y and y <a, hence of « 
plus all elements on closed trajectories through 7. 

If a(z) /A\ w(x) =0, so that r(x) reduces to {x}, then the element x 
will be termed transitory. If a(x) /A €0, then will be called 
stationary. If x is stationary, then rea(x)Ao(z). For yea(z)A 
implies << y and y< 2, so that r< 7. Hence in this case r(z) = a(z) 
/\ w(x) ~ {x}. The same reasoning shows that, if x is stationary, then 
every phase y in w(z) is stationary. 

Each set x(a) will be called a state, and will be termed a transitory 
state or a stationary state according to whether it consists of one transitory 
element x or of one or more stationary elements 7, y,-- -. 


2.3. Ordering of the states. If a(x) /\ x(y) ~0, then r(x) = r(y). 
For if zex(x) 
so that zex(y). Thus r(x) Cw(y) and similarly r(y) C w(x), so that 
=-(y). 

It follows that the states x(x) form a decomposition of M into disjoint 
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subsets. The notation +=y will be used for the corresponding equivalence 
relation: i.e., c=y if r(x) = r(y). 

If r=y, z=vw, andx<z,thny<w. ForySr<zSw. Hence 
one can define: r(x) < if r(x) and z<w for some z=z 
and some w= y. This ordering satisfies the transitive law, so that the states 
are now partially ordered. This ordering is proper, for r(x) < r(x) is ruled 


out by definition. 

A stationary state z(z) will be called w-stable if r(x) is maximal, i.e., 
if there is no z(y) such that r(y) >-x(zr). Similarly, r(x) is a-stable if 
a(x) is minimal. 

The given partially ordered set M will be said to have finite w-stability 
type if the following two conditions hold: 


(a) the number of w-stable states is finite; 


(b) for every state r(x) there exists an w-stable state x(z) such that 
Sx(z). 


The notion of finite a-stability type is defined in analogous fashion. 


2.4. Stability complexes. Let M have finite w-stability type and let 
m(%),°-*,a(tw) be the w-stable states. By condition (b) the sets 
F, =a(2,),--°,Fy=a(ay) cover M. The nerve of the covering is a 
finite simplicial complex , the w-stability complex. Thus the N vertices of 
® are the sets F,,- --,Fy, the edges are those pairs (Fj, F;) for which 
j~k and F; Fy 0, the 2-simplexes are those triples (Fy, Fj, for 
which jk, k-~h and F, \F; \ F, ~0, etc. In the same way, 
if M has finite a-stability type, the covering of M by sets G; forms a finite 
complex I, the a-stability complez. 

Each simplex of @ corresponds to a subset of M with given uncertainty 
about the ultimate future. Thus the 2-simplex (F,, F2,F;) corresponds to 
the: subset F, /\ F. /\ Fs of those elements from which the states (2), 
a(X2), r(x3) are possible future states. In dynamical language, these elements 
are the initial conditions from which the w-stable states r(%2), 
can be reached. Similar remarks apply to I with regard to the past. 


3. DYNAMICAL SYSTEMS WITH INDETERMINACY. 


3.1. The phase space M. It will be assumed that M is a compact 
n-dimensional manifold of class ('“*). It will further be assumed that M 
has a Riemannian metric: ds*—ajdz‘dxi in terms of local coordinates 


4 
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(z',- -*,2"), where the aj are of class C’. Hence M becomes a metric 
space with metric p(2, y) equal to the g.1.b. of the lengths of all paths from 
zto yin M. Finally, it will be assumed that a fixed dynamical system is 
given in Jf: i.e., a vector field vv(2) whose contravariant components 
vi(at,- - +, a") are of class C’. The differential equations 


(1) dxt/dt = vi(at,- - -, 2") 


then determine the trajectories of the given dynamical system. The points 
of M will be referred to as phases; M will be termed the phase space. 

Associated with M is the fibre space V of all vectors wu in M. If 
local coordinates (a',---,a") are chosen in M, then local coordinates 
+,a";u*,- -+,w") are determined in V; for this reason the points 
of V will be denoted by (x; wu). The vectors u at each point form a normed 
linear space with norm || u|| equal to (ajwtu/)*. The subset of V of all 
vectors with non-zero norm will be denoted by V’. 

The space V, with the above coordinate systems, is a differentiable 
manifold and, as a normal separable space, is metrisable. The metric: will 


be denoted by o( (y;w)). 


3.2. Indeterminacy functions. By an indeterminacy function in M 
will be meant a real-valued function e(z2;u) defined in V and continuous in 
V’ and satisfying the conditions: 

e(z3;u) >0; >0; —1. 
Thus « is a function of direction only. For many purposes it will be 
convenient to use the related function E(«;u) defined by the equation: 
(3) E(x; u) = u). 


Thus #(2;u) is continuous in V and ku) = kE(z;u) for k>0. 

The indeterminacy function «(z;w) will be said to be convex if the set 
of all vectors u at x such that || u || <«(z;u) is convex. This is equivalent 
to the condition that the set of uw such that H(x;u) <1 be convex or, 
because of the homogeneity of H#, to the condition that 


(4) E(x:d\u, + (1—A) ue) + (1—A) ue), OSAS1. 


Corresponding to the indeterminacy function e(z;u) there is an inde- 
terminacy neighborhood U(x;v;«) of each vector v (at x) of the given 
dynamical system: namely, the set of all vectors w at x that E(x; w—v) <1. 

By an allowed solution relative to (x; u) or, more briefly, by an e-solution, 
will be meant a path z = x(t), defined over some ¢-interval (perhaps infinite), 
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which is piecewise smooth and is such that at each point x of the path the 
vector da/dt satisfies: 


(5) || dx/dt — v(x) || < e(x;dx/dt — v(z)) 


(for either choice of da/dt at corners) or, in terms of the £-function: 


(5’) E(x; dx/dt —v(x)) <1. 


Thus the velocity vector dr/dt is required to lie within the indeterminacy 
neighborhood U(x; v(x) at each z. 

The classical existence theorem for differential equations guarantees 
existence of a unique solution of (1) through each phase z. Here one can 
state that through each phase and for each vector wy in U (23 5 €) 
there is an e-solution (not unique) x=—-2x(t) for which the velocity vector 
at 2 18 Wo. For, in local coordinates, the straight line 2‘ — 2,‘ + w,'t, 
|¢| <t,, will be such a solution, for ¢, sufficiently small. This follows 
from the fact that E + wot; wo — v(% + wot)) is continuous in ¢ at 
t—0, is <1 for t0 and hence remains <1 for | ¢| sufficiently small. 
An infinity of such solutions can clearly be provided. In general, all the 
e-solutions through z) form a configuration like a spray from a nozzle. 


3.3. Partial order in M. A partial order in M is now introduced by 
the definition: « < y if there is an e-solution passing through 2 and y for 
values ¢, and ¢, respectively of ¢, with t; < t,. This clearly obeys the transi- 
tive law, while the possibility of periodic solutions makes the order in general 
improper. The ordering is an extensive one, by virtue of the existence theorem 
proved in 3.2. The dependence of the order on the choice of e(z;w) will 
be indicated, where necessary, by the notation: c << y[e]. For the present a 
fixed choice of e(x;u) will be assumed. 

THEOREM 1. For each 2 in M, the sets a(x) and w(2%) are open. 

Proof. Let ye i. < y, so that there is an e-solution = z(t), 
StSt., with x(t,) z(t.) =y, < t.. Choose local coordinates 
at y and let ¢t; be chosen so that t; < ts << ¢t, and so that x(t) lies in the 
chosen neighborhod of y for tj [tSt,. For each constant vector w such 
that u‘u‘ — 1 and for A, sufficiently small, the paths 

vi = + Aui(t— ts), 0SA<A, 


then lie within the chosen neighborhood of y and are furthermore e-solutions. 


This follows at once, since 
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E(x(t) + Au(t — ts) ; du/dt + Au— v(x + Au(t —ts))) 


is continuous in ¢ and A and is less than 1 for X\=0. The paths all pass 
through z= x(t) for t= ts, and for ¢t = ?, fill out a spherical neighborhood 
of radius A,(t2—ts;) about y. Each phase x of this spherical neighborhood 
satisfies z << x and, by the transitive law, 7) <2. Hence w(2,) is open and, 


in the same way, «(Z) is open. 
If 1s a stationary phase, then x(a) 1s open. 
For here = a(z)A 


THEOREM 2. WM, as partially ordered above, has finite w-stability type 
and finite a-stability type. 


Proof. This is an immediate consequence of compactness. For each 2 
in M one can choose y > 2, since M is extensively ordered. Hence all the 
sets a(a) together cover M. Hence there exist a finite number of these: 
a(az,),° * +,a(zy) which together cover M. By removal of some of these 
sets, if necessary, one can reduce this covering to a minimal one, i.e., one 
such that removal of any one set would destroy the property of covering M. 
It will be assumed that this has been done, so that (a(2,),---,a(ay)) is 
a minimal covering. It now follows that each 2; is stationary and that each 
is w-stable, for 7 =1,---,N. For let ye w(z;), ya; Then y < 
for some & and hence 2; < a. This implies that 7 —k, since the covering 
is minimal, and hence z; < 2;, so that z; is stationary. The same reasoning 
shows that y > 2; implies that y = 2;, i.e., that 7(2z;) is w-stable. There can 
be no further w-stable states, since the a(a;) form a covering. Hence there 
are a finite number, N, of w-stable states r(zj) (j =1,- - -,N) and the sets 
F;—=.«(2;) cover M. In the same manner, one concludes that there are a 
finite number of a-stable stationary states r(y,) (kK—=1,---,P) and the 
sets G,—=w(y;,) cover M. Thus M has finite stability types. 

One can accordingly define the complex @—@(e) as the nerve of the 
covering by the F; and the complex T —T(e) as the nerve of the covering 
by the G,. The following theory will be given for ® alone, the theory for I 


being parallel. 


4. VARIATION OF THE INDETERMINACY FUNCTION. 


4.1. Ordering of indeterminacy functions. The fibre space V* of unit 
vectors in M is a compact space, and one can define the norm | f || of a 
continuous real-valued function in V* as l.u.b. | f| over V*. One can 
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define the distance between two such functions f,, fz. as || f:—f2 ||, and 
thereby obtains a metric space. Because of (2), the indeterminacy functions 
e(x;u) depend on direction only, hence are determined completely by their 
values on V*. The norm ||/«|| of e(z;u) will mean the norm of e(z; wu) 
restricted to V*, and the distance || «, —: || is defined in the same way. It 
follows that the indeterminacy functions also form a metric space, denoted 
by €. This space will be partially ordered by the definition: «, <<«, if 
<«.(x;u) for each element (r;u) of V’. 

For M itself one then concludes that, if r< y[e,] and «<<, then 
a<y [el]. 

The complex @ above is determined by a covering of M. For brevity, 
® will also be identified with the covering. Thus the statement that ®, is a 
refinement of ©, means that each set (vertex) of ®, is a subset of a set of 
the covering ®,. It should be noted that the covering ® for given « is a 
minimal one; this follows from the proof of Theorem 2, or from the definition 
of finite w-stability type. 


THEOREM 3. Let e, and e, be indeterminacy functions and let ©, = ®(e,) 
and ®,=—=®(e,) be the corresponding w-stability complexes. If €, << €2, then 
®, is a refinement of ®.. 


Proof. Let -,2(a#y,) be the w-stable stationary states relative 
to «,; let be the w-stable states relative to «. Let 
F,; = «(2z;) (relative to «,), let Fo, (relative to (7 =1,-- 
k=1,---,N.z). Then for each 2; there is some y, such that 2; yx 
For each z in Fj; one has < 2; [«:], hence, since < 4; [e], and 
hence z < [e2]. Thus F,;C F.,. Hence is a refinement of ®,. 


4.2. Critical and non-critical indeterminacy functions. Definition. 
The covering ®, of M by sets F,; (j =1,---,N;) is a similar refinement 
of the covering ®, by sets Fy, (k =1,---,N2) if = N.=—WN and, for 
proper numbering, one has F,;C F.; (j =1,---,N) and Fy, A Fi; 
A Fy;,£0 if and only if Fe; A In this case 
and #, are isomorphic complexes. 


THEOREM 4. For each indeterminacy function «=e(x;u) there exists 
a number 7, > 0, such that, if and are indeterminacy functions, with 
and || <9, ||e—ell then 6,—@(e,) is a similar 
refinement of ®, = ®(e.). 


Proof. For each A between 0 and 1 let No(A) equal the number of sets 
(vertices) in the covering ®(Ae). As A increases, No(A) is non-increasing. 


q 
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For, by Theorem 3, each set of @(A’e) is contained in a set of ®(A”e) for 
Vv <X and every set of (Ae) must appear in this correspondence, since 
the coverings are minimal. Hence, for A» sufficiently large and <1, the 
number N,(A) is constant for A, = A < 1, and the refinement correspondence 
between @(d’c) and @(A”e) is one-to-one for ASA < A” <1. On the 
other hand, for A =A< 1, the number N;(A) of edges in ®(Ae) must be 
non-decreasing. For, if two sets in ®(A’e) intersect, the corresponding pair in 
@(\”e) also intersect. A similar statement applies to the higher-dimensional 
faces. Hence, for A» sufficiently large, the number N,(A) of p-dimensional 
faces of (Ac) is constant for all p and for 4 =A<1. The same reasoning 
shows that, for this choice of A», the refinement correspondence between 
®(Ne) and ®(X”e), for ASA <A” <1 satisfies the definition above for 
a similar refinement. 

Now let »—g.l.b. (€(%; uw) u)) = (1— Ado) g. lL. b. e(z;u), 
where the g.1.b. is over V’. Then » >0 and e <<e, || —e|| <q imply 
doe << €o << Ae for X’ sufficiently large and less than 1. This implies that 
@(e.) is a refinement of ®(d’e), while ®(A .e) is a refinement of ®(e2). 
Since @(A,e) is a similar refinement of (A’e), it follows that ®(e.) is a 
similar refinement of If further << << and || —e || < then 
&(e,) is also a similar refinement of @(d’e). Since ®(e¢,) is also a refine- 
ment of ®(e.), this last refinement must be a similar one. Hence the 


theorem follows. 


Definition. An indeterminacy function e(z;u) is termed non-critical if 
there exists a number > 0, such that || << |}ee—el| << Z, a 
imply that @(e,) ‘is a similar refinement of @(¢e.). If the condition fails, 
« is called critical. It follows from the definition that the non-critical 


functions form an open set in €. 


THEOREM 5. The critical indeterminacy functions form a nowhere dense 


set in €. 


Proof. Let ¢ be critical and choose 7 = (e) as in the preceding theorem. 
For given § >0, one can then choose e; Ae such that «; ¢<e, || e—es || 
< 7/2 and || e—e, || < 8/2. Choose £=4g.1.b. (e—e;,) over V’. Then 
€>0 and ||/e;—e,| imply ¢<<e and for 7—1,2. 
Hence, by the preceding theorem, if ¢; << €2, ®; is a similar refinement of ®2. 
Thus ¢, is non-critical. Since the non-critical functions form an open set, 
it follows that every neighborhood of « contains an open set of non-critical 
functions. Thus the critical functions form a nowhere dense set. 
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5. APPROXIMATION BY FLOW ON A NET. 


5.1. Flows in M andin M,. The purpose of this section is to show 
that, when ¢ is non-critical and convex, the complex ® can be found by a 
finite computation, based on a study of the field v(x) on a finite subset 
M, of the space M. One can first project the flow in M onto a flow on M, 
by requiring that x< y hold in M, precisely when it holds in M. This 
clearly determines a partial order in M,. If this partial order is w-extensive, 
one can then apply all the theory of Section 2 above to obtain stationary 
states, transitory states and (the w-stability type being necessarily finite 
because M, is finite) the w-stability complex. Corresponding to a complex 
®, in M one thus obtains a complex ©,° in My. It is further clear that, if M, 
is sufficiently dense in M, the ordering in M, will be w-extensive and ®, and 
®,° will be isomorphic. “ Sufficiently dense ” here means that there must be 
at least one point of M, in each o-stable state z(2;) and that, whenever an 
intersection F;, /\ F;,/\- - - /\ F;, is non-void, then the intersection contains 
a point of M,. Since the sets concerned here are open, a § > 0 exists such 
that, if M, is d-dense in M (every point of M within distance 8 of a point 
of M,), then these conditions hold, and ©, is isomorphic to ®,°. 

The process just described does not actually reduce the determination 
of ©, to a computation on M, alone, since the validity of each inequality must 
be investigated in M. Accordingly, a special process must be devised, 
involving M, alone. The following is a description of the process. 

A finite set which is §,-dense in M will be called a 8,-net. It is known 
in differential geometry (cf. H. Seifert and W. Threlfall, Variationsrechnung 
im Grossen, Berlin (1938), p. 49) that there exists a positive number d 
such that each two points of M within distance d can be joined by a unique 
minimizing geodesic. Let 8, satisfy: 0< 8<d. If M, is a 8,-net and each 
two points of M, within distance 8, have been joined by the corresponding 
geodesic, then M, becomes a 8,8.-network. The points of M, will be numbered 
as Zz. (u=1,---+,m) and the geodesic arcs will be denoted by Cyy for 
appropriate values of » and v. The given vector v at zp, will be denoted by vz 
and the unit tangent vector to Cy at zy in the direction of zy will be denoted 
by 

Let €°(z.; uw) now be an indeterminacy function in Mo, i.e., a function 
satisfying (2) and continuous in wu for w40 and zp in My. Let Cy be an 
are of the §,8.-network. If, for some k > 0, 


(6) || Kup» — vp || < €°(2u; — vp), 
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then zy will be termed a successor of Zp. If Zp,, %,° * *, 2p, are points of M, 
such that Zp, is a successor of Zpy,, for k= 2,---,p, then the inequality: 
Zu,4 Will be said to hold and the succession of arcs * 


Cu,.n, together form an allowed ¢°-trajectory on the $,8.-network. This 
definition determines a partial order in My. If this partial order is o- 
extensive, the theory of Section 2 can be applied, the order has finite stability 
type, and a complex ° is determined. The main goal of this section is to 


establish the following theorem. 


THEOREM 6. Let e, be a non-critical convex indeterminacy function, of 
class C’ in u for each x, u0. Let My be a 8,8.-network based on the 
points gu (u==1,:--,m). Then, for 8,, 82, and 8,/8. sufficiently small and 
the ordering 4 2v [€°] is w-extensive and the complex ®° is 


isomorphic to the complex ®,. 


5.2. Two fundamental lemmas. In order to prove the theorem just 
stated, one first chooses constants A, and A; so that = Ase << = Ase 
and || e—e, || < f(a), | es—a || << f(e.). It follows that the complexes 
$;—®(e;) (j —1,2,3) are isomorphic, the covering being a similar 
refinement of ®,, the covering ®, being a similar refinement of ®,. Let M, 
be a 8,8.-network, with 8, so small that the projections ®,° and ®,° are 
defined and are isomorphic to ©, and ®, respectively; hence 2° and ®,° are 
isomorphic, and ®,° is a similar refinement of ®,°. 


Lemma 1. For 8,, 8, and 8,/8. sufficiently small, zn < implies 
Zu < [e°]. 


Lemma 2. For 8, and 8, sufficiently small, zu 4 2v [e°] implies zp < 2v [es]. 


The proofs of these lemmas will be given in the following sections. 
Here it will be shown that they imply Theorem 6. 

By the above construction, 6, is chosen so small that the ordering 
Zn < Zv [e] is w-extensive on M,. Lemma 1 then implies that the ordering 
zu 4 [e°] is w-extensive on M,, so that a complex is obtained. By virtue 
of Lemma 1, the covering ®,° is a refinement of the covering 6°. By virtue 
of Lemma 2, the covering ®° is a refinement of the covering ®,°. Since ®.° 
is a similar refinement of ®,°, it follows that ®,° is a similar refinement of 
®° and that ®° is a similar refinement of ®,°. Hence ®,°, ©°, ®,° are all 
isomorphic. Since ®,° is isomorphic to ®2, and ®, to ®,, the theorem is thus 


established. 
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5.3. Auxiliary lemmas. Before proceeding to the proofs of Lemmas 
1 and 2, it will be useful to carry out several preliminary steps which will 
simplify the uniformity arguments to follow. 

At each phase 2» of M a coordinate system can be chosen for a neighbor- 
hood of z) and an r > 0 can then be chosen so that the Euclidean sphere 8S: 
(2!— x')* Sr’, in these coordinates, lies within the coordinate neighbor- 
hood. Further, a number 2 > 0 can then be chosen so that the neighborhood 
p(%, 2) < lies in S. The collection of all neighborhoods W: p(a,2) < 4R 
covers M. Hence a finite number of these: Wg: p(yg,x) < 4Rg (q—1,:°-, 
Q) covers M. With each W, there is associated a coordinate system and a 
Euclidean sphere Sq in these coordinates such that the neighborhood p(y, x) 
< Rg lies in Sg. In the following proof only these coordinate systems will 
be used. 

Let Ro =min(R,,---,Re). If p(zp, 2v) << d and p(%p, 2v) < Ro/4, then 
Yq) < $Rq and p(2v, yq) < for some g. Hence both the geodesic 
Cyuv and the Euclidean straight line, in terms of the chosen coordinates at yq, 
lie within Sj. 

Throughout the following it will often be convenient to use the H-func- 
tion (3.2 above) corresponding to a given indeterminacy function e(z7;w). 
In each case the matching of subscripts or superscripts will indicate the 
corresponding pairs of functions. 


LemMMA 3. Let «, and e, be indeterminacy functions in M such that 
€.<<€. Then there exists a constant h such that, if x, and x, are in So 
and (%23 Ue) are such that 


in the corresponding coordinates, then E2(X2;U2—v(%2)) <1. 


Proof. Let I; (j =1,2) denote the subset of V consisting of all elements 
(x;w) such that E;(x;w—v(x)) <1. Then, since the £; and v are 
continuous, J; is open. Further, because of the homogeneity of the £;, the 
closure 7, of I, is compact and lies in J,. Hence the distance o, between I, 
and the boundary of J, is positive and, if (z,;u,) is in 7, and o((2,;,), 
(223 U2) ) < oo, then (#2; U2) is in Because of the compactness of /, and 
the equivalence of the topology in V with the Euclidean topology defined by 
the coordinate system in Sg, a number hg can be found such that, if (2,;u,) 
is in J, and | 22! | < hg, | ust | < he then o((413 41), (223 
<oo. If h is now, chosen as min(h,,- - -,hg), then the conclusion follows. 
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The geodesics in M are defined by equations of the form: 
(7) d?z*/ds? == f*(z',- -,a",da'/ds,- - -,dz*/ds), 


where the f* are continuous. The variables dx'/ds are the components of a 
unit vector and hence are bounded (in absolute value), in the local coordinates, 
in Sq by a constant Hy. Thus H = max(H,,- - -,H@) is a bound for these 
components on M. In each set Sg, the point (z',- - -, a”, dx'/ds,- - - , da"/ds) 
ranges over a compact subset of V. Hence the components f‘ are uniformly 
bounded in S, by a constant F’, and, if F = max(F;,,- - -, Fg), then F serves 
as a uniform bound for these components on M. Similarly, the coefficients 
a,; of the fundamental form ds? are bounded by a constant A on M. 


Lemma 4. Let 2,22 be a geodesic in M of length s, lying completely 
in a set Sg. Then one has 


(8) | < Fs,* + Hs, 
| — | < Fs,, | — —2,')/s, | < Fs,’, 


where uj == dxu/ds at 


Proof. The differential equations (7) above can be integrated once 
along to give 


8 
(9) dx*/ds = fids + 
0 
and again to give 
8 & 
(10) f fidsds + u,is + 
ee 0 


The inequalities (8) follow at once from (9) and (10) and from the fact 
that | F, | uj* | 


Lemma 5. Let D denote the n-dimensional space of coordinates (x',---, 
a") with metric ds? = a,dx‘dai, the ai; being constants. Let v(x) be a vector 
field defining a dynamical system in D, whereby v(x) is independent of xz, 
so that v(x) =v(0). Let e(x;u) be a convex indeterminacy function in D, 
of class C’ for u0, which is independent of x, so that «(x;u) =e(u). 
Let y and z be in D and let y<z[e]. Let yz be an allowed e-trajectory 
from y to z, and let + be the time interval on this trajectory. Then the 


uniform trajectory : 
(11) at yt + —y!)t/r 


from y to z is also an allowed «-trajectory from y to z. 


11 
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Proof. The equations 
(12) 


where wu is a variable unit vector, define a semi-cone in 2’: - - x"t-space, 
By the “ inside ” of this cone will be meant the domain 


(13) + t(vit wte(w)),t > 0, 


where w is a variable vector with || w || <1. The trajectory yz corresponds 
to a curve 
(14) == ¢*(t), (0StSr) 


in - a"t-space, passing through the vertex (y',- - -,y",0) of the cone. 

Now the function H(x;u) = E(u) corresponding to e(u) is positive, 
homogeneous of degree one, and the sets H = const. are convex. From these 
two properties one concludes that, for any points x and z (x0) one has 


(15) S E(z). 
For if z lies in the tangent plane to the surface / = const. at 2, then 
=0 or, by the Euler theorem, E(x) = Since z 


cannot lie inside the surface 7 = const., one has E(x) S E(z), so that (15) 
holds. The homogeneity of H(z) then implies (15) for arbitrary z. 


Now let g(a,t) be defined by the equation 
(16) g(z, t) = 


Then on the cone (12) one has 


(17) g(x, t) = || e—y—vt ||/{e(e@ —y — vt) } = te(u) /{e(tue(u) )} = 


and, by a similar reasoning, g(z,¢) >t for ¢ > 0 and (2, outside the cone 
(12). On the path (14) one has E(dxr/dt —v(x)) <1. Hence, by (15), 
at each point on this path 7 = y + vt, or 


(18) dg/dt = (dx‘/dt — < E(dx/dt —v) <1. 


It follows that the path (14) enters the interior of the cone at ¢ 0 and 
remains inside. Hence the end-point z is inside the cone, and the straight 
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line path (11) is inside the cone. Hence this path can be written in the 
form (13) with constant w, || w || <1. Hence on (11) 


(19) || dx/dt — v || = || e(w) < e(w) —v). 
Thus (11) is an allowed e-trajectory, and Lemma 5 is established. 


Remark. The assumption that e(w) is of class C’ is clearly needed for 
the proof just given, and this is the basis for the corresponding assumption in 
Theorem 6. It is however possible to prove, without too much trouble, that 
a convex indeterminacy function «(w) can be arbitrarily closely approxi- 
mated by a convex function of class C’.. By means of this approximation, 
Lemma 5 can be applied to prove Theorem 6 without the assumption that 
«(a;u) be of class C’.. The proof is given in the present form for the sake 


of simplicity. 


LemMa 6. Let e(x;wu) be a given indeterminacy function in M. Then 
there exist constants B,, Bo, C such that 


(20) | dx/dt | < B,, | da*/dt | < s< Cr, 


in the coordinates of each set Sq, where x'—ai(t), +; StSt,+r, ws an 


e-solution from 2, to x2 of length s in Sq. 


Proof. The function e(#;u) is uniformly bounded by a constant «*. 
Hence || dx/dt — v(x) || < The set of all such that is in Sg 
and || w ||? = a;wtwi S e** is a compact subset of V. Hence its projection 
on the w‘-axis is bounded. Hence a constant B, can be chosen, independent 
of so that || w implies | < B.. Thus on the e-trajectory 
dx*/dt —v* | < B,. The vector v has also a maximum norm K, on M. 
Hence there is a constant K, (independent of q), such that in each S, | v‘ | 
< K.. Hence | drt/dt| << K.+ B.=—B,. The velocity on an e-solution is 
bounded by K, + «*=C. Hence s/r, which is simply the average velocity, 


is bounded by C. 


5.4. Proof of Lemmal. Remark. Throughout the following proofs 
the choices of 8, and 8, will be continually restricted. In each case the 
restriction will be a uniform one, i.e., dependent only on the given vector. 
field v(a) and indeterminacy function ¢,(z;w) and not on the particular 


points or neighborhoods considered. 
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Let = and = Ase, be chosen so that << es << << Choose 
8. less than R,/4. 

Suppose now that zy < z [e.], so that there is an allowed «2-solution 
in M from Zp to 2y. 


Case A. The €:-solution zy2zv from Zy to zv lies within the 8-neighborhood 
of zn. One can then choose local coordinates in a sphere Sg as above, with 


p (2p, Yq) < R,/2. 


It follows from Lemma 3 that, for 8, sufficiently small, one has at each 
phase x of the trajectory zpzv dx/dt — v(x)) <1, so that is an 
allowed solution relative to the constant (independent of x) indeterminacy 
function = in Sg. Thus one has at each point of Zyzy 


(21) || dx/dt — v(x) || < ¢(dx/dt —v(2)). 


Since the a; are continuous, one can further choose 8, so small that at 
each point of zyzv one has 


(22 || dx/di — < e(da/dt — v(z)), 


where || w ||p = and e(w) =e5(24;w). For let €,—g.1.b. 
(e5(@;u) on V’, so that >0. Given é > 0, then 8* can be 
chosen so that | aij(x) — aij(Zn)| < for p(x, 2) < 8*, whereby 8* can be 
chosen independent of x and the particular Sy. Hence, for 8, < 8, 


| | da/dt — v ||? — || da/dt — v |p? 
= | (ay (2) — (det/dt — (dad /at — 
= | dx*/dt — v' | | dai/dt — vi | < &n?B,’, 


where the last inequality follows from Lemma 6, since 2y2v is an €2-solution. 
Since in general | | a|—| | S (| one concludes that 


| | dx/dt —v || — | dx/dt—v 
hence 
| da/dt —v < — v) + 


by (21). If now &é is chosen so that one has nB.é.* < §, and &* is chosen 
. accordingly, then (22) follows. 

Thus is an e-solution in - - z"-space, with constant metric, where 
e(w) =Ase:(zn;w) is of class C’ for ws40 and convex. Hence Lemma 5 


588 
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can be applied and one concludes that the uniform trajectory from zp to zy 
in Sq is also an e-solution. Thus in particular one has at z, (in local 
coordinates ) 


(23) || — 2v) /t — Up || < €5(2p3 2v) /r — Vy), 


where r is the time on Zp%p. 


Now the geodesic Cyy has length s < 8 and one has thus, by Lemma 4, 
(24) | — 2v*) /s — | < 


Hence 
(25) | (2p — 2v') /t — (8/7) | < F$,7C. 


For s is at most equal to the length of zyzv, so that s/r is at most equal to C, 
in accordance with Lemma 6. It now follows from (23) and (25) and 
Lemma 3 that, for 6, sufficiently small one has 


(26) Ey Upy(s/r) — vp) <1. 
Thus zp 2v [e°]. Thus Lemma 1 is established in Case A. 


Case B. zy does not lie within the 8,-neighborhood of zy. Then proceed 
along Zpzv from zy = po until a point p, is reached at distance $./3 from 2p. 
Proceed from p, until a point p. at distance 8/3 from p, is reached, and so on. 
One will finally reach a point p;, such that there is no point beyond p; at 
distance greater than 8/3 from px. If p(px, 2) < 82/6, then replace the 
previous choice of p; by zv, so that one now has p(px-1, Px) > 62/6 and further 
the trajectory lies within the 28,/3 neighborhood of If p(px, 2v) 
= $,/6, then set zy = px,,. Thus in either case one has a sequence of points 
ON Zp Po; Such that on each sub-are pjpj,, one has 
the condition: p(pj, 82/6, while the arc p;p;., lies within the 2 8./3 
neighborhood of 

Now each arc jp; lies within one of the sets Sg. Proceeding as in 
Case A, one can then show that, for 6, small enough, the uniform trajectory 
from p; to pj.:, in the local coordinates, is an e,-solution. 

Now there is by assumption a point zy, of M, within distance 36, of 
each p;. Let 8, be chosen less than 5./6 and less than R,/4. Then the set 
S, can be chosen to contain not only the trajectory p;pj.1, but also the points 
Zu, Zu,, and the two corresponding line segments in the local coordinates. 
Let + be the time used on the trajectory pjpj..:. Then one has 


(27) — <1 
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at each point z of the segment pjp;,;. One has further, by Lemma 4, 
for a constant LZ. Furthermore, 


| — /t— ( | 


(29) ) 
(| — | + | — pi; |) S 2L8,/7 S 208, (6C/8,). 


For p(pj, pjs1) = 82/6, so that, by Lemma 6, the time + is greater than 8/60. 
Now let e—¢,(t), tp; StSt,+7 represent the uniform trajectory from 
pj to pj and let = ¢2(t), St St, +7 represent the uniform trajectory, 
with the same interval 7, from Zp, to 2y,,,. Then (28) and (29) imply that 


there is a constant A such that 
o( ; (d2(t) ; dd./dt) ) <A, 


and h can be made as small as desired by choosing 8, and 8,/8, sufficiently 
small. One concludes from Lemma 3 and (27) that, for 8, and 8,/8. suffi- 
ciently small, the uniform trajectory «= ¢.(t) is an ¢;-solution. It now 
follows as in Case A that zp, 4 2y,., [e°]. Thus, finally, zp4 2 [e°], for 2, 
can be chosen as Zp, and zp, can be chosen as 2y, and the transitive law can 
then be applied. Thus Lemma 1 is completely established. 


5.5. Proof of Lemma 2. Suppose first that z, is a successor of Zp. 
One is then given that, for some k > 0, : 


(30) Ey (23 kupv — vp) <1. 


Choose local coordinates in a set S, containing Cy as above. Then, by Lemma 
4, one has | u'— uty | < F8., where u is the tangent vector dx/ds at an 
arbitrary point x of Cyr. Now the values k for which (30) can hold are 
uniformly bounded on M by a constant ko. Hence | ku‘ —kutw | < koF%8:. 
Since the vector field v(x) is continuous, one can further, by Lemma 4, 
choose 8, so small that | vy | < for given 4 > 0, where v= v(z) 
at an arbitrary point on Cy. Hence |(kut—v‘) — (kuty— vn) 
< k,F8.-+ . Hence, by Lemma 3, if 8 is sufficiently small, one has 
E;(a;ku(x) — v(x)) <1 at each point x of Cy. It follows that the path 
x=2(t), from to zy along Cyy, such that dx/dt = ku(z) is an e;-solution, 
i.e., that zu < 2 [es], as was to be shown. If 2 is not a successor of Zp, 
the same conclusion follows by consideration of each link in the chain from 


zp to zv. Thus Lemma 2 is established. 
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6. CASE OF NON-COMPACT M. REMARKS ON APPLICATIONS. 


6.1. Case of non-compact M. It is clear that the compactness of the 
phase space M plays an important role in the above discussion. If M is not 
compact, the number of stable stationary states may be infinite, and the 
approximation by a flow on a finite set is in general not possible. 

There are, however, circumstances, of considerable physical interest, 


/82). under which the above results can be extended to the case of a non-compact 
/6C. manifold M. 

— First of all, it may happen that there is a compact subset M, of M such 
tory, that each allowed e-trajectory x— z(t) enters and remains in M for ¢ 
that sufficiently large. In this case the discussion of w-stability can be restricted 


to M, and the previous results can be extended without difficulty. 

Secondly, it may be possible to imbed M in a compact space M’ in such 
a manner that the vector field v can be extended continuously to M’. The 
relationships between the states in M’ and those in M will in general not be 
simple, but the analysis in M’ will give some information about the flow in M. 


—_ Finally, it may happen that, outside of a compact-subset M, of M, the 
sp: given indeterminacy function e(z;u) has the property that «(z;—v) > || v |], 
Hh so that the null vector is in the indeterminacy neighborhood at each 2 of 
a M—M,. This implies that in M— M, every direction is allowed, so that 
each component of M — M, forms a stationary state. Thus the analysis in 

M — M, is simple, and the problem is effectively restricted to M,. 

This last case can be interpreted physically as follows. For a particular 
physical system the accuracy of one’s knowledge will usually diminish as 
one recedes from a given bounded part of the phase space. Thus physical 
knowledge concerning the cases of extremely large distances or extremely 

™ large velocities is very limited. This is reflected in the above condition on 
the indeterminacy function e(x;u), for the condition simply states that one 
" is wholly uncertain as to what course the system will take outside of M;. 

: 6.2. Applications. The approximation theorem of Section 5 above 
) “was developed with particular applications in “non-linear mechanics” in 
| mind, and a number of such problems have been studied from this point of 
x view. It is intended to publish the results in a separate paper. Here some 


remarks will be made on the methods used and one illustration, a case of the 


Van der Pol equation, will be given. 

In the problems considered, the phase space M was either Euclidean 
n-space or a product of such a space by a circle. Thus M was non-compact. 
In all cases either the first or third point of view of Section 6.1 was 


| 
| 
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applicable, so that one could effectively restrict attention to a compact sub- 
set M,. 

Suppose then that M is Euclidean n-space, and that differential equations 
(1) are given in M. The indeterminacy function e,(#;u) may then be given 
in advance or may be determined at a later stage. The latter procedure is 
usually more convenient, as will be made clear. One now chooses as M, the 
set of all points (m,h,- - -,m,h), where the number h > 0 is fixed and the 
numbers m; are integers. At each such point z one defines the “ first shell” 
of neighboring points as those points of M,, other than z, whose coordinates 
differ from those of x by at most h. Thus, for n = 2, there are 8 first shell 
neighbors: (m,; +h, mh), (mi,mz,+h), (m+h,m.+h). In general, 
the p-th shell of neighboring points of x is defined as those points of M,, 
other than x or those of the first p—1 shells, whose coordinates differ from 
those of « by at most ph. Thus, for n = 2, there are 8p p-th shell neighbors. 

One now chooses a particular value of p, and for each x of M, chooses 
successors only among the points of the first p shells. Fixing h and p is 
clearly equivalent to fixing the values of 8, and 8 as in Section 5. The 
geodesics are now simply line segments. 

If «,(x;u) is known, one now chooses as successors of z all points y of 
the first p shells such that the vector u,,, represented by the line segment zy, 
satisfies || ku2y— v(x) || << a(x; kuz,—v(r)) for some k>0. This condi- 
tion restricts the choice of u,, to a certain cone of directions about that of ». 

Usually, however, ¢,(z;u) is not given in advance. One can then 
effectively choose an e, by choosing as successors of x all points y of the 
first p shells such that the vector u,, makes an angle with v less than a 
prescribed amount 6. Thus, for n= 2 and p=—1, one could simply choose 
all y such that the direction from zx to y differs from that of v(x) by less 
than 23°, so that each x has at least one successor. 

Many variations on these procedures are possible. In particular, one can 
always adjust the e,(7;wu) to reflect differences in degree of indeterminacy 
along the directions of the coordinate axes. 

Whatever procedure is used, one will obtain a partial order or flow on 
Mo, and the stable states and complex ®° will be determined as above. The 
question whether this complex is isomorphic to the complex ®, for the ‘ corre- 
sponding degree of indeterminacy’ «(z;u) in M cannot be answered in 
general. The approximation theorem asserts that this must be the case if «, 
is convex and non-critical and if 8,, 6, and 8,/8, are sufficiently small (p 
sufficiently large, h and ph sufficiently small). However, no effective pro- 
cedure is given for determining when these conditions are met, in particular 


DYNAMICAL SYSTEMS WITH INDETERMINACY. 


Van der Pol equation: d*a/dt? + (a — 1)da/dt +a”=0. 
Solutions in the zy-plane, y = da/dt. 
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for determining when §, and 8. are properly chosen. In most particular cases 
5 
studied thus far, it has been easy to determine when the analysis is fine 


enough. 

As an example, the accompanying figure illustrates the result of applying 
the method described to the Van der Pol equation: d?x/dt? + (a? — 1)dx/dt 
+ a2=—0. One replaces this by the system da/dt = y, dy/dt = (1 — x*)y — x, 
and the phase space M is then the xy-plane. The set M, is the set of points 
(3m,, $m.) for integral m,, m,. At each point (z,y) the successor (2’, y’) 
is chosen in the first shell as the point whose direction differs from the assigned 
one by less than 23°. Thus, in general at least one successor is obtained. At 
(0,0) the vector v reduces to 0, so that the direction is wholly indeterminate. 

The figure shows the results of analysis of the rectangle M,:| «|< 3, 
|y| <4. Outside of this rectangle one can consider the directions as wholly 
indeterminate, in accordance with the third method of Section 6.1. If this 
is done, then one concludes at once that there is one w-stable state, represented 
by the heavy simple closed curve. This result agrees with the known properties 
of the solutions, and the w-stable state is a reasonably good approximation to 
the known stable periodic solution. Thus the introduction of indeterminacy 
in the vector field has not distorted the problem significantly. 


QUELQUES PROPRIETES EXTREMALES DU CERCLE ET DE 
LA SPHERE.* 


Par Rosert SIps. 


1. Introduction. Le cercle et la sphére possédent une série de propriétés 
isopérimétriques sans relations apparentes les unes avec les autres, mais qui 
présentent cependant ce caractére commun de ne pouvoir étre démontrées 
par les procédés habituels du calcul des variations. 

La plus anciennement connue de ces proprictés se rapporte aux mem- 
branes et a été énoncée sans démonstration par Lord Rayleigh [1]. D’aprés 
celui-ci, parmi toutes les membranes de méme aire et soumises 4 une méme 
tension uniforme, la membrane circulaire a la fréquence fondamentale la plus 
basse. Ceci a été démontré pour la premiére fois par G. Faber [2]. Une 
autre démonstration a été donnée depuis par E. Krahn [3]. 

R. Courant [4] a démontré que, parmi toutes les membranes de méme 
longueur périphérique, la membrane circulaire avait la fréquence fonda- 
mentale la plus basse. 

Une autre propriété extrémale de la sphére a été trouvée par Liapounoff, 
lequel a démontré que, pour une masse fluide de volume donné, l’énergie 
potentielle maximum correspondait 4 la forme sphérique. D’autres démonstra- 
tions de cette propriété ont été données par H. Poincaré [5] et par T. 
Carleman [6]. 

T. Carleman [7] a démontré que, parmi tous les condensateurs constitués 
par deux cylindres paralléles indéfinis dont les sections droites ont des aires 
données, celui constitué par deux cylindres circulaires concentriques a la 
capacité minimum par unité de longeur. 

Ce théoréme a été étendu par G. Szegé [8] au cas du condensateur formé 
par deux surfaces fermées, dont lune entoure complétement l’autre. La 
capacité minimum correspond au cas de deux sphéres concentriques. 

G. Pélya [9], enfin, a prouvé que le module de torsion d’un prisme dont 
la section droite a une aire donnée est le plus grand possible pour le prisme 
de section circulaire. Ses résultats ont été généralisés par G. Pdlya et A. 
Weinstein [10]. 

Dans ce qui suit, nous nous proposons, en généralisant la méthode de 
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G. Szegé, de montrer que toutes les propriétés énumérées plus haut, ainsi que 
quelques d’autres que nous croyons nouvelles, peuvent étre considérées comme 
des cas particuliers d’une propriété isopérimétrique générale des systémes de 
cercles et de sphéres concentriques. 


2. Inégalité fondamentale. Considérons, dans le plan (2,y) wun 
domaine (PD) limité intérieurement par un nombre limité n de courbes 
fermées extérieures les unes aux autres: C;i,1,Ci2,- - -, Cin, et extérieurement 
par une courbe fermée C, qui entoure complétement, sans avoir de points 
communs avec elles, les courbes C;. En particulier, C, peut étre située entiére- 
ment a l’infini. 

Les courbes C; et C. seront constituées chacune par un nombre fini d’arcs 
réguliers et ne posséderont pas de points multiples. L’une ou plusieurs des 
courbes C; peuvent d’ailleurs se réduire 4 un point. 

Soit maintenant z(z,y) une solution de l’équation différentielle 


(1) Zoe + Zyy = = f(z) 


finie et continue ainsi que ses dérivées partielles des deux premiers ordres 
dans (D), qui prend la valeur constante z; sur les courbes C; et la valeur 


constante z- > 2 sur la courbe C,. Lorsque 2; z S Ze, nous admettrons que 
f(z) est une fonction analytique positive, bornée et continue de z. 

La fonction z(z,y) sera alors une fonction analytique dans tout le 
domaine (D), sauf peut~tre sur les frontiéres C; et Ce. 

Si nous considérons z comme une troisiéme coordonnée perpendiculaire 
au plan des (2, y), ’équation z= z(z,y) représentera une surface dont les 
courbes de niveau seront les courbes z const. Nous n’aurons évidemment 
a considérer que la portion de cette surface dont les points ont leur projection 
contenue dans (D). Les dérivées partielles z, et z, étant partout finies, les 
courbes de niveau ne pourront avoir de points communs. De plus, f(z) étant 
par hypothése toujours positif, la surface ne pourra posséder de maximum 
i Vintérieur de (D). 

Il en résulte qu’une courbe de niveau z = const. sera constituée par un 
certain nombre de courbes fermées. Lorsque z varie, ce nombre variera 
chaque fois que z passe par une des valeurs correspondant 4 un minimum 
ou a un col de la surface. 

Soient maintenant z, et z. deux constantes comprises entre 2; et z-. La 
courbe de niveau complete z(z, y) =z, se composera d’un certain nombre de 
courbes fermées. Si z, est plus grand et trés voisin de z,, la courbe de niveau 
z(x,y) =» se composera d’un systéme de courbes fermées peu différentes de 


e j 
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celles constituant z(z,y) =z, et tendant uniformément vers ces derniéres 
lorsque tend vers 2;. 

Dans tout ce qui suit nous supposerons toujours que chacune des courbes 
fermées partielles du lieu géométrique z(2z,y) =z, entoure complétement 
la courbe correspondante du lieu z(z, y) = 2, 4 laquelle elle se réduit lorsque 
z. tend vers 

Ceci exige, comme on peut aisément s’en rendre compte, que la fonction 
2(z,y) prenne, sur les courbes C;, une valeur inférieure a celle qu’elle prend 
sur les courbes de niveau voisines intérieures 4 (D). Il en résulte que z ne 
prend jamais, dans (D) de valeur inférieure 4 2; et, comme il ne prend 
pas non plus de valeur supérieure 4 Ze, il suffira, comme nous l’avons fait plus 
haut, de considérer les valeurs de z comprises entre 2% et Zc. 

Dans le cas particulier ot C, est entiérement située a l’infini, les courbes 
2(a, y) = const. < ze auront tous leurs points a distance finie. 

On vérifie immédiatement que lorsque le domaine (D) est constitué 
simplement par l’aire limitée extérieurement par une courbe fermée Ce, les 
courbes C; se réduisent 4 un ou plusieurs points ot z est minimum et la 
condition restrictive d’enveloppement est toujours vérifiée. 

Il résulte de ce qui précéde que, lorsque z croit de % a Ze, les courbes 
de niveau z—2(z,y) balayent le domaine (D) d’une maniére continue et 
toujours dans le méme sens. Si nous appelons S(z) Vaire totale limitée 
extérieurement par la courbe 2(2, y) =z, S(z) sera done une fonction con- 
tinue croissante de z. 

Appliquons 4 la région contenue entre 2(a, y) = % et 2(x, y) = 2 = const. 
la premiére formule de Green 


(2) f (2.2 + m2)d8 4+ f f dS f ds, 


ou ds et dS représentent respectivement |’élément d’are et Vélément d’aire, 
et ot 0z/dn désigne la normale extérieure. Les intégrales curvilignes sont 
prises le long des courbes de niveau limitant intérieurement et extérieurement 
le domaine d’intégration. 

Si dn est la distance normale entre les courbes voisines z et z + dz, nous 


aurons évidemment 


(3) dS/dz= f dn/dz ds = ds/ + ds/| grad z |. 


D’autre part, en appelant J l’intégrale 


(4) r= f ff | grad z |? d8, 
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étendue au domaine limité par z =z et zz, nous pourrons évidemment 


écrire 


(5) 1=ff | grad z |? dn/dz ds dz, 


et par conséquent 
(6) | grad z | ds. 

En appliquant maintenant au produit (dS/dz)(dI/dz)linégalité de 
Schwarz, il vient 


(7) (dS/dz) (dI/dz) = ds | — L*(2), 


ot. L(z) est la somme des longueurs des courbes fermées partielles constituant 
la courbe de niveau z(z, y) =z compléte. Si nous tenons compte de l’inégalité 
isopérimétrique L? = 4x78, (7)*a pour conséquence 


(8) (dS/dz) (dI/dz) = (2). 


Mais nous pouvons d’autre part calculer directement la valeur de dI/dz. 
La relation (2), dérivée par rapport a z, donne en effet 


(9) dl = — f dS) /de + a( f ds) 


La premiére de ces deux intégrales a pour valeur — 2A’z dS/dz. Pour calculer 


la seconde, remarquons que 


(10) J 202/0n fia A?z dS + 


dou il résulte que 


(11) /dz = — zA*z dS/dz + d{z Sats dS + ds|/dz 


Yemplacons maintenant, dans (8), dZ/dz par sa valeur (11) ci-dessus et 
prenons, au lieu de z,S8 comme variable indépendante. Ceci peut se faire 
sans ambiguité puisque, comme nous l’avons vu, entre 2 et 2,8 est une 
fonction toujours croissante de z. Done dS/dz sera toujours positif, et nous 


pourrons écrire 
(12) f A*z dS = (dz/dS) — f 0z/dn ds, 
Si 
dou 


(13) = — ds, 
Si zi 


ment 


ant 
lité 


dz. 


ler 


QUELQUES PROPRIETES EXTREMALES. 
et enfin 
(14) dz/dS (1/4r8) [ f(z)dS + ds}, 
Si 
ce qui constitue l’inégalité fondamentale que nous désirions établir. 


Si ’ensemble des courbes C; se réduit 4 une série de points, nous aurons 
évidemment S = 0 pour z= 2. On voit facilement que, dans ce cas, l’inégalité 


fondamentale devient 


(15) dz/d8 S (1/428) - fas, 
0 
et par conséquent, en particulier, puisque f(z) est une fonction continue 
bornée 
(16) lim dz/dS (1/41) f(%). 
S=0 


Nous avons admis jusqu’ici que la fonction f(z) était une fonction 
positive de z. Si f(z) est une fonction négative, nous pourrons écrire 


(17) a?(— 2) =—f(—(—2)), 


de sorte que l’inégalité (14) s’appliquera 4 la fonction —z. Par conséquent 


(18) — dz/dS —(1/4x8)[ f + f ds}, 
Si 
dou 
(19) dz/dS = (1/498) [ f f(z)dS + f ds}, 
Si 


c’est-a-dire que le signe de l’inégalité devra étre inversé. 

Nous allons maintenant rechercher dans quel cas l’inégalité fondamentale 
devient une égalité. Pour que l’inégalité de Schwarz soit une égalité, il faut 
que | gradz| soit constant, c’est-i-dire que les courbes z= const. soient 
paralléles. Pour que Vinégalité isopérimétrique soit une égalitée, il faut que 
ces mémes courbes soient des cercles. La condition nécessaire et suffisante 
pour que l’inégalité fondamentale devienne une égalité est donc que les 
courbes de niveau z = const. constituent un systéme de cercles concentriques. 


On aura dans ce cas 
°s 

(20) dz/dS = (1/4n8)[ f f(z)dS + f ds}. 
Si 


Multiplions les deux membres par 47S, puis dérivons par rapport 4 8. TI 
vient 

(21) 4nd(S dz/dS)/dS = f(z). 

Prenons comme variable indépendante le rayon r du cercle d’aire S, c’est-a- 


dire posons S = -r?. Ceci donnera a l’équation (21) la forme suivante 
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(22) 1/r- d(r dz/dr) /dr = f(z), 


ce qui est, comme on pouvait s’y attendre, l’équation (1) écrite en coor- 
données polaires et en supposant que z ne dépend que du.-rayon r. 

Passons maintenant au cas de Ilespace a trois dimensions. Nous 
considérerons un domaine (D) limité intérieurement par n surfaces fermées 
extérieures les unes aux autres S;,,Si2,: Sin, et extérieurement par 
une surface fermée S, entourant complétement les surfaces S; et n’ayant 


pas de points communs avec elles. 
Les surfaces S; et S, seront constituées par un nombre fini de portions 
réguliéres. La surface S, pourra, en particulier, étre située entiérement a 


Vinfini. 

Nous considérerons ensuite une solution u(z,y,2) de Véquation diffé- 
rentielle 
(23) Ure + Uyy + Use = = f 
finie et continue dans (D), qui prend la valeur constante u; sur les surfaces 
S; et la valeur constante wv, > u; sur la surface Se. Nous admettrons que, 
lorsque uj [US Ue, f(u) est une fonction analytique positive, bornée et 
continue de uw. 

La fonction u(z, y,z) sera une fonction analytique dans tout le domaine 
(D), sauf- peut-étre sur les frontiéres S; et S-. Les surfaces de niveau 
u(x, y,z) =const. contenues 4 l’intérieur de (D) seront donc constituées 
par un certain nombre de surfaces fermées, nombre que dépendra de la valeur 
particuliére de wu. Les dérivées partielles uz, uy et uz, restant toujours finies, 
les surfaces de niveau n’auront jamais de points communs. D’autre part, 
comme, par hypothése, f(w) est toujours positif, la fonction u(x, y,z) ne 
pourra avoir de maximum a l’intérieur de (D). 

Nous admettrons que, si uv, et uw, sont deux valeurs voisines de u, avec 
U2 > U;, chacune des surfaces fermées partielles constituant la surface de 
niveau uu, entoure complétement la surface fermée correspondante de 
u =u, vers laquelle elle tend lorsque wu. tend vers w. 

Ceci exige que la fonction u(z,y,z) prenne, sur les surfaces S;, une 
valeur inférieure a celle qu’elle prend sur les surfaces de niveau voisines 
intérieures 4 (D). II en résulte done que u(2,y,z) sera toujours compris 
entre u et we. En particulier, si S- est située entiérement a l’infini, les 
surfaces de niveau u(z, y, z) = const. < Ue auront tous leurs points a distance 
finie. 

Lorsque (d) se réduit au volume limité extérieurement par une surface 
fermée réguliére, les surfaces S; sont constituées par le point ou les points 


ous 
par 
ant 
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ol u(x, y,z) prend sa valeur minimum. On vérifie alors immédiatement que 


-la condition d’enveloppement est toujours satisfaite. 


I] résulte de ce qui précéde que, lorsque u croit de uj a Ue, les surfaces 
u(x,y,2z) balayent le domaine d’une maniére continue et toujours 
dans le méme sens. Si nous appelons V(w) le volume total limité extérieure- 
ment par la surface de niveau u(a,y,z) =u, V sera done une fonction 
continue croissante de u. 

L’inégalité fondamentale s’établira 4 peu prés exactement comme dans 
le cas de deux dimensions. La premiére formule de Green, appliquée a la 
région comprise entre u(x, y, 2) = u; et u(a, y,z) = u=const., donnera tout 


d’abord 


(24) fff + Uy? + Uz”)dV + SfJs ud?u dV 
= Sf udu/on dS SS. udu/dn dS, 


ou dV et dS représentent respectivement l’élément de volume et l’élément de 
surface, et ot du/én désigne la dérivée normale extérieure. Les intégrales 
doubles sont prises le long des surfaces de niveau limitant intérieurement et 


extérieurement le domaine d’intégration. 


En appelant J lV’intégrale 


SSS (u,” + u,? + u-*)dV, 


étendue 4 la méme région, on démontrera ensuite que, en vertu de l’inégalité 


de Schwarz 


(26) (dV /du) (dI/du) = S*(u), 


oi S(w) représente la somme des aires des surfaces fermées constituant la 
surface de niveau u(z,y,z) =u. Si Von applique maintenant linégalité 
isopérimétrique S(u) = [36rV?(u)]%, il vient 


(dV /du) (dI/du) = [36rV?]*. 


On établira d’autre part que 


(28) dI/du= f APu dV + f du/dn d8, 
Vi i 

et par conséquent, enfin, que 


(29) [362V?]%du/dV J f(u)dv + Sf du/dn 
Vi S: 
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ce qui constitue l’inégalité fondamentale que nous voulions démontrer, dans 
le cas de trois dimensions. 
On voit immédiatement que des inégalités analogues pourraient étre 
obtenues de la méme maniére dans le cas d’un nombre supérieur de dimensions. 
On démontrera comme plus haut que, pour que l’inégalité fondamentale 
devienne une égalité, il est nécessaire et suffisant que les surfaces u(2, y, 2) 
= const. constituent un systéme de sphéres concentriques. Nous aurons donc, 


dans ce dernier cas 

(30) [362V2]*du/dV ouson ds. 

Posons V = 4/3mr*, puis dérivons les deux membres par rapport ar. I] vient 
(31) - d(r*du/dr) /dr = f(u), 


ce qui n’est autre que l’équation (23) écrite en coordonnées polaires et en 


admettant que wu est seulement fonction de r. 
Si la surface S; se réduit 4 une série de points, on aura évidemment 
V=0 pouru—u,. L’inégalité (29) prend alors la forme 


y 
(32) = f(u)dV, 
0 
d’ot Von déduit que 
(33) lim V'*du/dV <= (36r)-*f(u;). 
V=0 

On démontrera enfin facilement que si f(u), au lieu d’étre une fonction 
positive, est une fonction toujours négative, il faudra changer le sens de 
Vinégalité fondamentale qui deviendra ainsi 


%du/dV => dV du/dn dS. 
(34) f(w) + Sf u/on 


3. Interprétation géométrique de l’inégalité fondamentale. L’inégalité 
fondamentale est susceptible d’une interprétation géométrique intéressante. 

Admettons que, dans le cas de deux dimensions, f(z) est une fonction 
croissante de z et que, pour z= 2, l’aire S(z) des courbes C; et l’intégrale 


f (dz/dn)ds étendue & ces mémes courbes aient une valeur fixe, indépen- 
Ri 


dante du systéme particulier de courbes C; considéré. 
La courbe z = z(S) passera alors toujours par le point fixe z = z;, S = Sj, 
et aura son coefficient angulaire, en tout point, inférieur 4 la quantité 
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Appelons Z(S) la solution de l’équation (20) qui passe également par le 
point 2, S;. Nous aurons alors 


8 
(35) dZ/dS — dz/dS = (f(Z) —f(z)) ds. 


Or, aux environs immédiats du point a, S;, on a évidemment d(Z — z)/dS = 0, 
Vou Zz et f(Z) =f(z). En raisonnant de proche en proche, on voit 
qu’on aura toujours d(Z —z)/dS2=0 et Z=z. Il en résulte que la courbe 
Z(S) sera toujours située au dessus de la courbe z(S) et que l’écart entre 
ces deux courbes augmentera en méme temps que VS. 

La courbe Z(S) fournit donc, pour chaque valeur de z, une limite 
inférieure pour l’aire limitée par la courbe de niveau z(2, y) =z. 

Dans le cas de trois dimensions, on peut établir une propriété analogue. 

Nous admettrons encore une fois que f(u) est une fonction toujours 
positive et croissante de wu, et que le volume V; limité par les surfaces S; 


ainsi que |’intégrale ff du/dndS ont une valeur fixe, indépendante du 
Si 


systéme particulier de surfaces 8; Pour «=, on aura donc toujours 
V=V;. Appelons U(V) la solution de l’équation (30) passant également 
par le point uu, V=V;. On aura évidemment 


(36) dU /dV — du/dV = (36nV?)-* — f(u))aV, 


et par conséquent la courbe U(V) se trouvera toujours au dessus de la courbe 
u(V). La courbe U(V) permettra donc, pour toutes les valeurs de wu, d’obtenir 
une limite inférieure du volume V limité par la surface u(z, y,z) = u. 

Nous allons maintenant appliquer les inégalités fondamentales (14) et 
(29) a une série de cas particuliers correspondant a4 différentes formes de la 


fonction f. 


4. Condensateur électrostatique de capacité minimum. Considérons 
un condensateur constitué par deux surfaces conductrices fermées, telles que 
la surface extérieure S, entoure complétement, sans la toucher, la surface 
intérieure S; Ces deux surfaces sont portées respectivement aux potentiels 
Ue et Uj, AVEC Ue > Uj. 

Dans le domaine compris entre les deux surfaces, le potentiel u(z, y, z) 


vérifie l’équation de Laplace A*u = 0, et l’intégrale f du/dn d8 prise sur 


une quelconque des surfaces équipotentielles comprises entre S; et S. a une 
valeur constante et égale 4 4rQ, ot Q est la charge de l’armature intérieure. 
On voit immédiatement que les conditions d’application de l’inégalité 
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(28) sont remplies, et celle-ci devient, dans le cas actuel, en posant V = 4rr*/3, 
Vinégalité r?du/dr=@Q. Divisons les deux membres de cette inégalité par 
r? et intégrons ensuite entre 7; et 7, avec bien entendu, V; = 4rr;°/3. En tenant 
compte de ce que, pour on a il vient Q(1/ri—1/r), 
et en particulier, sur ’armature extérieure, oll 7 = Te, Ue S + 1/7). 
En appelant C la capacité du condensateur, ceci peut encore s’écrire 


C= Q/(Ue — ui) 1/(1/ri — 1/re) = (8/44) — Ve*), 


e’est-a-dire que: 


Parmi tous les condensateurs électrostatiques tels que les armatures 
extérieures et intérieures entourent des volumes donnés, celui constitué par 
deux sphéres concentriques a la plus petite capacité. 

On peut évidemment faire un raisonnement analogue dans le cas 
d’un condensateur électrostatique constitué par deux armatures cylindriques 
paralléles telles que l'une entoure complétement l’autre et dont les sections 
droites ont des aires données. La capacité par unité de longueur minimum 
correspond alors au condensateur constitué par deux cylindres circulaires 
coaxiaux. 

Dans le cas du condensateur de capacité minimum, notre méthode est 
évidemment identique a celle utilisée par G. Szegé dans le travail déja men- 


tionné plus haut. 


5. Application 4 la théorie des membranes. La déformation normale 
d’une membrane plane uniforme et uniformément tendue soumise a une 
pression constante est donnée par l’équation A?z—— p/T, ot T est la 
tension et p la pression par unité de surface. 

Supposons la membrane limitée par un contour fermé sans points 
multiples. Sur ce contour on devra avoir z=0. Les courbes de niveau 
z=const. seront également des courbes fermées qui entourent le point ou 
les points ot z est maximum. Prenons ces points pour origine des § et 


posons z= zy — 2;, ol zy représente la valeur maximum de z. 

La quantité z, vérifiera l’équation A’z, == p/T, et on voit sans peine 
que l’inégalité fondamentale pourra étre appliquée au systéme des courbes 
z, const. Dans le cas présent, (14) devient simplement dz,/dS = p/4nT, 
d’ou, en intégrant entre z, 0 et zu, zu S pSe/4rT, c’est-a-dire que: 

Parmi toutes les membranes de méme aire, soumises 4 la méme tension, 
et supportant la méme pression uniforme, la membrane circulaire présente 


la plus grande déformation normale maximum. 
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6. Application 4 la théorie de la torsion des prismes. L’étude de la 
torsion d’un prisme droit de section quelconque se raméne, comme on le sait, a 
la détermination de la solution de l’équation A*z = — 2, qui s’annule sur le 
contour de la section droite. Nous supposerons celle-ci limitée par une courbe 
fermée sans points multiples. Nous pourrons appliquer les résultats du 
paragraphe précédent et, en posant encore une fois z = zy — 2%, écrire 


(37) dz,/dS < 1/2n. 


L’angle de rotation du prisme, par unité de longueur, a pour valeur 0 = M/C, 
ou M est le couple de torsion et C le module de torsion donné par 


C= 20 | z dS, G étant le module de glissement et l’intégrale étant étendue 


i Vaire de la section droite. On vérifie aisément qu’on a également 


C= 26 f S dz,, et par conséquent, en vertu de (37) 


Se 
0 


S, étant ici l’aire de la section droite. Ceci montre que: 
Parmi tous les prismes de méme nature et dont la section droite a la 
méme aire, le prisme de section circulaire posséde le module de torsion lv 


plus élevé. 


7. Application a l’hydrodynamique des liquides visqueux. On démon- 
tre aisément, par un calcul identique 4 celui qui précéde, que le débit d’un 
liquide visqueux s’écoulant en régime laminaire dans un tube cylindrique de 
section est soumis a linégalité suivante: (Pp/8rpL)S,”, ot Q est 
le débit, P la différence de pression aux extrémités du tube, p la densité, » le 
coefficient de viscosité. L’égalité n’a lieu que pour une section circulaire. 

Done, si l’on fait écouler, en régime laminaire et sous l’influence d’une 
méme différence de pression par unité de longueur, un méme liquide visqueux 
dans des tubes cylindriques de méme longueur, on obtiendra le débit maximum 


avec un tube de section circulaire. 

8. Probléme de Rayleigh. La fonction caractéristique fondamentale de 
Péquation des membranes vibrantes 
(39) A?z + k?z =0, 


relativement 4 une courbe fermée ((’) sans points multiples est la solution 
z(x,y) de cette équation, toujours positive, nulle sur le contour. La valeur 
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correspondante de & est, 4 un facteur constant prés, la fréquence fondamentale. 

D’aprés les propriétés de ’équation (39), la fonction z(z,y) ne peut pas 
posséder de minimum 4a /’intérieur de la courbe (C’), mais elle peut posséder 
plusieurs maxima distincts. Appelons zy la plus grande valeur de 2(2, y) 
dans (C), cette valeur pouvant étre atteinte en plusieurs points distincts. 
Les courbes de niveau z= const., lorsque z varie entre 0 et zy, forment un 
systéme de courbes fermées analytiques sans points communs s’enveloppant 
mutuellement. Posons z; = zy—z. La fonction z,(z,y) vérifiera l’équation 
A*z, =k? (zy —2,), dont le second membre sera toujours positif. Nous 
pourrons donc appliquer l’inégalité fondamentale (15) qui deviendra dans 
le cas actuel 


(40) dz,/dS < (k?/4n8) f 


Si S, représente l’aire de la membrane, lorsque S variera entre S et So, z, 
sera une fonction croissante de § et dz,/dS sera positif. Kn multipliant les 
deux membres de (40) par S dz,/dS et en intégrant entre 0 et So, on aura 
donc 


s 
f (k?/4r) f dz, /d8 [ f (ew —2,)d8 | ds. 
0 0 0 


Le second membre peut étre intégré par parties et devient 


So s s So So 
dz,/d8 (zu — |as == [ f —- a8 | — f — 2,)d8 
0 0 0 0 0 


So 
-f (zu — z,)*dS de sorte que, en revenant a la variable z, on obtient 
0 


So So 
f §(dz/dS)%dS < f 
0 0 


Posons maintenant S—-r?. vient 


(41) adr < dr, 
ae’ 9 0 


avec Sy=-r,*. Or z(r) est une fonction continue et dérivable de r, pour 
0=r=PNp, qui s’annule pour rr. On pourra donc la développer en série 
convergente et dérivable de fonctions de Bessel Jo(Anr), oti les constantes An 
sont définies par la condition 


(42) 


On aura donc z= S,AnJo(Anr), Oo les A, sont des constantes. En intro- 
duisant cette valeur de z dans l’inégalité (41), celle-ci devient 


i 
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(dz/dr)?rdr f. (Aur) dr 
0 0 


f. @rdr 3A? dr 
0 0 


Les quantités A, forment une suite de nombres croissant indéfiniment. En 
appelant A ro la plus petite des racines de (42), on aura donc k* = Ao* 
= (2,405: - = 2,405- - -) c’est-i-dire que la fréquence fonda- 
mentale d’une membrane non circulaire sera toujours supérieure a la fréquence 
fondamentale de la membrane circulaire de méme aire. 

On peut démontrer de la méme maniére la propriété correspondante 
dans le cas de trois dimensions. 


9. Probléme de Liapounoff. Considérons une masse fluide incompres- 
sible, immobile, de volume Vo, en équilibre sous l’influence de son attraction 
newtonienne propre. On sait que, dans ces conditions, la surface extérieure 
sera une surface équipotentielle. 

Nous devrons considérer séparément le potentiel newtonien 4 a l’in- 
térieur de la masse et le potentiel we 4 l’extérieur de celle-ci, Ces deux 
fonctions vérifient les équations suivantes A?u; = — 4rkp, A*ue = 0, ou p est 
la densité (constante) du fluide et & la constante de gravitation. A la surface 
méme du liquide, on devra évidemment avoir uj = Ue = Uo. 

On voit immédiatement que, a l’extérieur de la masse fluide, l’inégalité 
fondamentale (33) pourra étre appliquée aux surfaces équipotentielles wu, 
= const. Par conséquent 


(362rV?) %du-/dV = f dS == — 4rkpV o. 


En posant V = 4nrr*/3, ceci peut encore s’écrire due/dr+ Vokp/r? = 0. 
Intégrons le premier membre de cette inégalité entre r et Vinfini. Pour V 
trés grand,.les surfaces équipotentielles différent trés peu de sphéres, de sorte 
que, dans ce cas Ue = Vokp/r + termes en 7*,7°*,- - - et par conséquent 
Ue Vokp/r s’'annule pour r=oo. reste alors —(uUe — Vokp/r) = 0, ou 


bien 
(43) = Vokp/r. 


Considérons ensuite le potentiel u; 4 V’intérieur de la masse fluide. Celui- 
ci prendra évidemment une valeur maximum en un ou plusieurs points, mais 
ne possédera certainement pas de minimum. Les surfaces équipotentielles, 
coincidant avec les surfaces d’égale pression, s’enveloppent mutuellement et 
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nous pourrons appliquer l’inégalité fondamentale (33) en prenant pour origine 
V=0 le point ou les points ot u; est maximum. Nous obtenons ainsi 
(367 V*) *du;/dV = — 4rkpV, ce qui peut encore s’écrire du;/dr + 4/3 - rkpr 
= 0, en posant comme plus haut, V = 4rr*/3. Intégrons cette inégalité entre 
retro. Il vient 

Up —. Uj + 2/3 ° 2/3 akpr? = 0 
dou 

Uz S Up + 2/3 — 2/3 - rkpr?, 

et, en tenant compte de (43), uj S 2rkpro* — 2/3-akpr?. Or Vénergie poten- 
tielle de la masse a pour valeur 


nd Vo 
E= f u,d \ = 2arp uyrdr, 
0 


0 
et par conséquent, enfin 


E = 16/15 4 16/15 o/4r)*/. 


Si done il existe une forme d’équilibre non sphérique, son énergie 
potentielle gravitationnelle sera inférieure a celle de la forme sphérique d’équi- 


libre de méme volume. 

I] en résulte done que la sphére constitue la forme d’équilibre stable d’une 
masse fluide incompressible immobile. 

Considérons maintenant une masse fluide constituée par des volumes V, 
et V. de deux liquides immiscibles différents, de densités constantes p, et p», 
avec pi >ps. A état d’équilibre, on sait que les surfaces équipotentielles 
coincident avec les surfaces d’égale pression et les surfaces d’égale densité. 
D’autre part, pour que l’équilibre soit stable, il faut évidemment que la 
pression augmente au fur et 4 mesure que l’on s’éloigne de la surface extérieure. 
Nous ne considérerons que les formes d’équilibre ot le liquide le moins dense 
entoure complétement le liquide le plus dense. La surface de séparation, 
de méme que la surface extérieure, seront des surfaces équipotentielles. 

Le potentiel newtonien de la masse totale sera une fonction continue et 
i dérivées partielles continues des coordonnées. Ce sera donc aussi une 
fonction continue et 4 dérivée continue du volume V limité par la surface 
équipotentielle u(a,y,z) const. On aura de plus: 

Pour V > V,+ V2, pour + V2> V > Vy, = — 

et pour V,; > V, = — 4rrkp,. 

En introduisant ces valeurs dans l’inégalité fondamentale et en procédant 
comme ci-dessus, on démontrera aisément qu’une configuration d’équilibre 
éventuelle, différente de celle constituée par une sphére de densité p, et de 
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volume V;, entourée d’une couche sphérique concentrique de densité p. et de 
volume V». possédera une énergie potentielle inférieure 4 celle de la con- 
figuration sphérique concentrique. Celle-ci constituera done certainement la 


forme d’équilibre stable de la masse. 

Nous pourrons étudier de la méme maniére la forme d’équilibre d’une 
masse hétérogéne constituée par des volumes V,, V2,---+,V,» de n fluides 
incompressibles immiscibles de densités pi, Si nous supposons 
que p: > p2* * * > pn, hous pourrons, en utilisant toujours le méme procédé, 
démontrer que la configuration d’équilibre stable sera constituée par une 
sphére de volume V, et de densité p;, entourée d’une série de couches sphériques 
concentriques de densités décroissantes ayant respectivement les volumes 
+, Vn et les densités -, pn. 

Ce dernier résultat peut aisément étre généralisé au cas d’une variation 
continue de la densité. 

Les résultats qui précédent ont été obtenus d’une maniére entiérement 
différente par L. Lichtenstein [11]. 


10. Inégalités relatives 4 la fonction de Green. Considérons, dans le 
plan, un contour fermé sans points multiples (C) et soit P(a,b) un point 
intérieur quelconque fixe. La fonction de Green correspondante (a, b, x, y) 
= (#(P,@Q) s’annulera sur le contour et aura la forme suivante: G(a, b, 7, y) 
= log: rpg + H(a, b,x, y), rpg est la distance entre les points P(a,b) et 
Q(2.y), et H est une fonction harmonique de z et de y. La fonction G(P, Q) 
vérifie évidemment l’équation A?G = 0, lorsque Les courbes G(P, Q) 
=const. = G sont des courbes analytiques, (sauf peut-étre pour G—0) 
fermées s’enveloppant mutuellement. Pour G =-—o, la courbe se réduit au 
point P, tandis que pour G = 0, elle coincide avec (C). L’intégrale curviligne 
f 0G/dnds prise le long d’une des courbes fermées G— const. >—o a 
une valeur constante et égale 4 2+. It est donc possible d’appliquer 
l'inégalité fondamentale au systéme des courbes G = const. et on obtient ainsi 
dG/dS =1/2S. Comme G@ croit en méme temps que 8S, la dérivée sera 
positive et nous pourrons intégrer les deux membres de l’inégalité entre 8 
et So, S, étant aire limitée par la courbe (C). Puisque, pour’ on a 
S—,, on obtient ainsi —G=4log S,/S, ce qu’on peut encore écrire 
SS S_ exp 2G. 

L’aire limitée par la courbe const. sera donc inférieure 
S, exp. 2G, sauf évidemment si (C) est un cercle dont P est le centre. 

Dans le cas de trois dimensions, nous aurons 4 considérer le domaine 
limité par une surface réguliére fermée (8). La fonction de Green aura la 
forme G(P,Q) =—1/reg + H(P, Q), ot rpe est la distance du point fixe 
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P(a,b) au point variable Q(z, y) et H une fonction harmonique, et s’annulera 
sur la surface (S). L’intégrale de surface f {(@G/dn)dS prise sur l’une 
quelconque des surfaces fermées analytiques G = const. > —oo, aura la valeur 


constante 47. 
Il sera de nouveau possible d’appliquer l’inégalité fondamentale qui 


donnera maintenant dG/dV < 41(36rV*)-%. En intégrant entre V et V,, 
ou V> est le volume limité par la surface (8), il viendra G= (42/3)* 
V-*), puisquae pour L/inégalité ne devient une 
égalité que lorsque (S) est une sphére de centre P (sauf bien entendu pour 
les valeurs exceptionnelles G—0 et G—=—o). 
D’autres inégalités relatives 4 la fonction de Green dans le plan peuvent 
étre obtenues par simple changement de forme des résultats donnés plus haut. 
On vérifie facilement que la solution de l’équation A?z = — 1 réguliére 
a intérieur du contour (C) et s’annulant sur celui-ci est donnée par 
2(x,y) = f f G (a, y, €, 9) dé dn, 
de sorte que l’inégalité zy = pS-/4rT, trouvée a la fin du § 5, peut s’écrire 


(44) G(z, y, n)dé dy S 35>. 


De méme, l’inégalité (38) peut se mettre sous la forme suivante 


SI IF G(x, y, & dxdydédn 48,’. 
Dans ses travaux relatifs 4 la résolution du probléme de Dirichlet pour 
les équations de la forme A*u = c(z, y)u et A*u = F(z, y, u), E. Picard [12] 
a rencontré l’inégalité suivante 
1/2a ff G (2, y, €, dédy S A, 


et a démontré que A tendait vers zéro en méme temps que l’aire limitée par 
le contour. Notre formule (44) donne pour A la valeur exacte S,/4r. Il n’y 
a aucune difficulté 4 obtenir des résultats analogues dans le cas de trois 


dimensions. On trouve ainsi 
SSS @(2, & 1/6 - 
SIS LIS y, & drdydzdédndg S 41/45 
Encore une fois, ces inégalités ne deviennent des égalités que lorsque la 


frontiére est un cercle ou une sphére. 


Note additionelle.. Un examinateur nous a indiqué une démonstration 
de l’inégalité (12) beaucoup plus simple que celle donnée plus haut. En 
utilisant la méme notation que dans le paragraphe 2, on voit aisément que 


* Received April 28, 1950. 
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f az/an ds x ds/(d2/an) > [ fas}? > (2). 
Mais f ds/(0z/0n) = dS/dz, de sorte que f 0z/dn ds X dS/dz = 4n8(z), 


ou, en prenant S comme variable indépendante, J 02z/0n ds = 4x8 .dz/d8. 


Si maintenant nous faisons usage de la formule de Green 


nous obtenons finalement linégalité (12), 


f dS + ds = 4x8 dz/d8. 
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ON DENUMERABLY INDEPENDENT FAMILIES OF BOREL 
FIELDS.* 


By S. SHERMAN. 


In a posthumous paper [B] Banach showed that if one has a denumerably 
independent family of Borel fields (each with a measure) of subsets of a 
set Q, then there exists a common extension of the measures to the Borel 
field generated by the Borel fields of the family such that the fields are 
stochastically independent. Since his proof is quite long we give a ‘shorter 
proof which has the advantage that it displays the relation between a denu- 
merably independent family of Borel fields and an isomorphic family of Borel 
fields in a product space. As a consequence of this the existence (and unique- 
ness) of Banach’s extension measure is equivalent to the existence (and 
uniqueness) of an independent product measure, a solved problem.*? 

Let Q be a set and let @Y = {B7} be a Borel field of subsets of O for 
each yeT. Let We say that E[H] is a Y%-rectangle 
[%-block] if E[H] =f) BY, where all except a finite [countable] collection 


of the BY are equal to ©. In the sequel H (with or without subscripts) 
denotes an %-block. Let © [¥B] be the [Borel] field generated by the 
rectangles. We note that i) if 4e€ then A is a finite disjoint union of 
rectangles, ii) if # is an %{-rectangle then F is an Y-block, and iii) B is the 
smallest Borel field containing each 87 e . 


Lemma. If AeG, then 
*) peAs=>) for some HC A, ped, 
**) »yeA’ =) for some HC A’, pe H. 
(Note: A’ means the complement of A.) 


Proof. Trivial since both A and A’ are disjoint unions of %-rectangles. 


* Received October 24, 1949; revised January 20, 1950. 
* See [K] where a recent proof as well as references to the literature are given. See 


also [SJ]. 
* According to Mr. Henry Helson another (different) proof by Saks of Banach’s 


theorem is to appear in a Polish Journal. 
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FAMILIES OF BOREL FIELDS. 


THEOREM. If Ae, then * and **, 


Proof. If A satisfies * and **, then A’ satisfies * and **. Let A = a Bie 
a=1 


where for each a, 


pe Ba= for some H,C Ba, pe Ag, 


pe B’,= for some H,C Ba, pe Ag. 


If ge A, then ge f) Ha, which is an %-block. If ge A’, then for sume 2, 


pe Hg. which is an %-block. Thus A satisfies * and **. We have shown 


that the sets satisfying * and ** form a Borel field including €. Since B 
= is included in any Borel field including ©, every set in $ satisfies * and **. 
el Corottary. Jf Be, then B is the union (possibly non-countable) of 
A Y-blocks in B. 
d 
We now introduce some notation associated with product spaces, 
r largely following Kakutani [K]. Let Q* = the set of all I-sequences, 
e o* = {oY | yeT} with for each Let = | BY}, 
n B*y — {B*7}, W* {B*v|yeT}. Note: is a denumerably independent 
family of Borel fields of subsets of 9*. Let E*[H*] represent an %*-rectangle 
[block] and let €*[B*] represent the [Borel] field generated by the W*- 
; rectangles. The previous lemma, theorem, and corollary apply to family *. 


If with each 8*7 we have m7 a countably additive measure (all measures 
are countably additive in the sequel), where m7(Q*) — 1, then it is known, 
(e.g. [K]) that there is a unique measure m* ‘on 8* such that for each W*- 
block H* = {) B*’, m*(H*) =[[ m7(B”). We are now in a position to 
prove the 


(BanacH). Jf is a denumerably independent family 
{8’ | ye} of Borel fields of subsets of Q and for each BY, yeT, there ts a 
measure mY such that m¥(Q) —1, then there is a unique measure m on B 


the Borel field generated by XM such that 


Ac BY = m(A) =m (A), 


(stochastic independence) %-block H = BY =) mH = [[ m7(B”). 


Proof. Let be the transformation from Q into 9* defined by 
= | ye T} where for every y; let D* be the range of ¢. 
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Banach’s theorem can be proved by writing m¢-1(A*) = m*A*—all that 
needs proof is that ¢* (which is obviously a o-homomorphism from %* 
onto 8) is an isomorphism. For this in turn it is sufficient to prove that 
if A*eB* and then A*=—A. If A* is an block, 
A* = = {w* | BY}, then =f] BY and the desired 


conclusion follows from the assumed denumerable independence; the general 


case is now a consequence of the corollary.* Note that the o-isomorphism 
between 8* and % is a set-theoretical proposition independent of measure 
assumptions. 


INSTITUTE FOR ADVANCED STUDY. 
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CERTAIN CLASSES OF SERIES TO SERIES TRANSFORMATION 
MATRICES.* 


By P. VERMES. 


1. In a recent paper* there were described series to series transforma- 
tion matrices having the property that the corresponding sequence to sequence 
| transformation matrix was a scalar multiple of the same matrix or of the 
same matrix without its first row or column. In the present paper the most 
general matrices are found which have this property, in each case as a solution 
of a partial difference equation. 

In matrix notation, if A= (dnx,) (n,k =0,1,-- -) is a series to series 
transformation matrix, the corresponding series to sequence transformation 
matrix is given by and the corresponding 
sequence to sequence transformation matrix F by faz =9nxk—9nku, [ST 
(2.4), (2.15) ]. 

If EZ, R and S are the matrices 

6,0, 

3,4, 
(1.1) £=0,1,0,---, R=1,1,1,0,: 

1,1,1,1,- -- 


so that 


the correspondence between the matrices A and F can be expressed in the 
form 
(1. 3) F = (RA)S = R(AS) = RAS, 


since each element of the product matrix is the sum of a finite number of 


elements. 


* Received August 29, 1949. 

1“ Series to series transformations and analytic continuation by matrix methods, 
American Journal of Mathematics, vol. 71 (1949), pp. 541-562. This paper will be 
referred to as [ST]. 
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lf £’ is the transpose of H, the matrix product AF is the matrix 4 
without its first column, and the product E’A is the matrix A without its 
first row. In what follows we shall find all solutions of the matrix equations 


RXS—_pz, RXS=—pXE, RXS=—=pE’X, RXS —pk’XE, 


where p is an arbitrary fixed number, and R, S, E have the meanings given 
above. In every case the solution is a matrix A(p) depending on the 
number p multiplied by a matrix, the elements of which are arbitrary to a 
certain degree. The matrices A(p) are in the various cases equal or simply 
related to the series to series transformation matrices of the Taylor series 
and Laurent series continuation and of the Euler summation matrix, [ST 


Sections 3, 4, 5]. 


2. The equation RXS —pX. Since R and S are row-finite, we have 
for every X S(RXS) (SR)(XS) —=XS, and R(SX) — (RS)\X 
hence equation 2 implies and is implied by 


(2.1) XS = pSX. 

It follows from (2.1) that the elements 2, satisfy 
(2.2) (1—p)ta+  k—0,1,- 
(2. 3) Lo = (1 — p) Tox k=0,1,---: 


Equation (2.2) is the partial difference equation to be solved, and (2.3) 
represents incomplete boundary conditions leaving the elements ny. of the 
first column arbitrary. Taking 2%. —1, and all other arbitrary elements 
zero, we obtain step by step all elements of a matrix A which we regard as 


the fundamental solution 


Ank —p)*" for k= n; an, =0 for k<n. 


Taking xy) = 1, and all other arbitrary elements zero, where N is a positive 
integer, the same-matrix results with N rows of zeros added. The funda- 
mental solution is the matrix A(p) of the Taylor series continuation [ST 
(3.14)], and the matrix with N rows of zeros added can be expressed as 
ENA(p), where E is the diagonal vector defined in (1.1). Hence giving 
arbitrary values d, to the elements of the first column, the other elements 
can be found from (2.2) and (2.3) step by step, each of the d, contributing 
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linearly a matrix d,H"A(p). The general solution is therefore the sum of 


all the contributions 
(2. 4) X =DA(p), 


where 
(2.5) D=dI+d,E +.B? 


do, 9,0 
ds, d,, do, ° 


The matrix D, being a power series in 2, commutes with every power series 
in FZ, in particular with R and 8S. Hence RDS = RSD = D, i.e. the corre- 
sponding sequence to sequence transformation matrix is the same matrix D. 
Regarded as a sequence to sequence transformation matrix, it is a “ modified 
Nérlund matrix.”? It is regular if and only if 3|d,| is convergent and 
Sd; 1. In this case it is regular both as a series to series or as a sequence 
to sequence transformation matrix. 

The properties of the matrix A(p) have been discussed in [ST 3]. It 


is regular if and only if 0<p<1. Another property follows easily from 
(2.1): Since (Ap), A(q), S are column-finite, A(p)A(q)S = qA(p)SA(q) 
=qp:SA(p)A(q), so that A(p)A(q) is the fundamental solution of the 
equation XS — pqSX, i.e. A(p)A(q) =A(pq), as proved by direct calcu- 
lation in [ST 3. V.]. 


3. The equation RYS = pXE. As shown in Section 2, this equation 
is equivalent to 
(3. 1) XS = pSXE, 


which requires La = P(— + Tn and Lo = PLo kev 


for k = 0,1,2,- °°; 
Excluding p = — 1, and putting 1/(1 + p) =t, we obtain 


Tn kor = + (1 —t) evr, for n= 1,2,°- -, 
(3. 3) Lo = 


2G. Piranian, “ Nérlund transformations with a bounded base,” Office of Naval 
Research, Project M786, 1949. 
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The elements of the first column can be chosen arbitrarily, and then all other 
elements are determinate, and can be found step by step. Taking xo) —1, 
and all other arbitrary elements zero, we obtain the fundamental solution 


which is the matrix A(t) of the Laurent series continuation [ST (5. 3) ]. 
The general solution is then obtained, as in Section 2, 


(3. 4) X = DA(t). 


When p= —1, we obtain = x41 ANd which gives the zero 


matrix, already included in (3. 4). 


4. The equation RXYS —pl’X. This equation is equivalent to 


(4.1) X8 — pSE’X, 


which requires, = Unk), ANA Vo for 
== (), 1, 2, 3; n=l, 2, 


ixcluding p=0, and putting —1/p—q, we obtain 


(4. 3) Vik = q (Xo k+1 


Here the elements of the first row can be chosen arbitrarily, and the other 
elements then determined step by step. Taking ao, —1, for a fixed &, and 
all other elements of the first row zero, (4.3) determines the values in the 
second row a4, = — q, @1 x-1 =, all the other elements zero. The elements 
in the other rows are then obtained easily by considering separately the values 
contributed by ay, and a,,.. A short calculation shows that the matrix thus 
obtained can be expressed as the matrix product B(q)SC;, where B(q) is 
the bordered Euler series to series summation matrix €(q): [ST(4. 2) ] 


0, — 8q°(1 — 9)*, — 9), 97, 


(4.4) B(q)= 


(4.2) 

and 

| 
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S is defined in (1. 2), and Cy is the cross-diagonal vector 


ther 
=], 0,0,: + + 


45 9,9, 9, * 
=1forn+i=—k, 


“nt ) — 0 otherwise. 
0,0,0,0,0,-- - 


0, 0,0,0,0,- - 
The general solution is therefore 
Co, C1, C2," 
Ci, Coy C3,° 
(4. 6) X = B(q)SC, where C= 
C2, 
Co, C1,° being arbitrary numbers. When p=0, we obtain = xsi for 
every n and k, which is satisfied by any matrix with all its columns equal. 
This is not included in (4.6). 


5. The equation RXYS = pk’XE. This is equivalent to 
(5.1) XS = pSH'XE, 


which requires, —%n = — Un evr), ANA Lox — Xo kar = PL 
for k= 0,1,2,:-:; 


Excluding p= 0, and putting 1/p = q, we obtain 


Cast kv = (1 q) Xn k+1 + 


= (Lox. — Lo 


These equations leave the elements of the first row and first column arbitrary. 
Taking 29 —1, all the other arbitrary elements zero, we obtain as funda- 
mental solution the matrix B(q) defined in (4.4). If, for a fixed n, tno = 1, 
the other arbitrary elements being zero, we obtain, as in Section 2, the 
matrix E"B(q), so that the contribution of all the elements of the first 
column is the matrix DB(q), D being defined in (2.5). If the only non- 
zero arbitrary element is 2x; = 1, for a fixed k = 1, we obtain, as in Section 4, 
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the matrix B(q)SE”. Hence the contribution of arbitrary elements 2, = h,, 
Xoo = is a matrix HH: 


0,0 , hy, he, 
H=h,K’ + -+- 


0,0,0,0,:°: 


The general solution, for p + 0, is therefore 


5. 5) X = DB(q) + B(q)SH. 
q 


When p= 0, we obtain the same matrix as in Section 4. 
In the special case, when we take 


d,=q(1—gq)*, n=0,1,2,---, h,=0, k—1,2,---:, 


so that X = DB(q), we obtain the matrix €(q) of the Kuler series to series 
transformation. 
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SUMMABILITY METHODS WEAKER THAN CONVERGENCE.* 
By J. D. Hitt. 


Consider the Banach space (c) of all real convergent sequences x = {s,} 
with || 2 || ==sup;, | s,|. Every linear functional f(x) defined in (c) is of 


the form [1, p. 65] f(x) = Clim, + Cys, with || f | =| + | Cy |. 
k=1 k=1 


A sequence 


(1) (2) = lim; Sk > CakSk (n == 2, 3, 
k=1 


of such functionals, in which we shall suppose that not all of the C, are zero, 
defines a method of summability by means of which a sequence.z is said 
to be summable to the value f(x) if lim, f,(v) exists and equals f(z). We 
shall refer to such a method as a W-method. If f(x) is defined for every 
tin (c) then W is called conservative. It is a trivial extension of a standard 
theorem for Silverman-Toeplitz methods, and may be proved very simply by 
operational means [see 1, pp. 90-91], that W will be conservative if and only 
if the following conditions hold: 


(2) lim Cr, = Ly, exists, (k = 1, 2,3,- - 
oo 


(3) lim {Cr + Cnr} =L exists, 
k=1 


(4) sup {| + | Cn |} <0. 


On the other hand, if lim, f,(#) exists and equals lim; s, for every x in (c), 
then W is regular. The conditions (2), (3), and (4) with all ZL, —0 and 
[ =1 are necessary and sufficient for regularity. 

A transformation of the type W differs from the more familiar Silverman- 
Toeplitz matrix method in that the existence of lim; s, is required. Hence 
the convergence-field of W (i.e., the set of all W-summable sequences) is a 
subset of (c). Such a method is said to be not stronger than convergence. 
If the convergence-field is a proper subset of (c) then the method is weaker 
than convergence. The Cesdro methods (C,«) for —1<a<0 are well 
known examples of Silverman-Toeplitz methods having this property [see 3, 
p. 1%. Theorem IT]. 

The following question arises. What properties must be possessed by a 


* Received January 25, 1950. 
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proper subset G of (c) in order that there exist a W-method whose conver- 
gence-field is precisely G? It is first of all necessary that G be linear and 
Borel measurable [1, p. 18, Theorem 9] and consequently of the first category 
[1, p. 36, Theorem 1]. Closer to the heart of the matter is the fact that G 
must be a set of type Fos [1, p. 18, Theorem 9], namely, a denumerable 
product of sets each of which is a denumerable sum of closed sets. It is 
known [1, p. 235] that if G is not closed then it cannot be a set of type Fo 
(a denumerable sum of closed sets). The object of this note is to point out 
that every linear closed set is a set G. Whether every linear Fos is a set G 
is a more difficult question which we propose to make the subject of a later 
paper. It will be observed from the proof that the following theorem can 
be rephrased to hold for sequences of linear functionals defined over any 
separable Banach space. For the present purposes, however, we prefer the 


form given. 


THEOREM. Let G be a linear proper subset of (c). Then in order that 
there exist a W-method whose conwergence-field is precisely G it is sufficient 
(but not necessary) that G be closed. 


Proof. To see first that the condition is not necessary, let X = {8,*} 
and XY, = {8"} for n—1,2,3,---, where 8." is the Kronecker symbol. 
Let E denote the (proper) subset of (c) composed of all finite linear com- 
binations of X and the X,, and consider the W-transformation 


(5) fn(v) = Slim, s;, + (2 log (— 1)" *s;,/(n— k + 1) 
(n= 1, 2,3,- 


The method (5) satisfies conditions (2) and (3) but not (4). Hence the 
convergence-field G of (5) contams EF but is a proper subset of (c). It 
follows that G is not closed since the closure of F is (c) itself [1, p. 65, §3], 
and G contains £. 

Now let G denote any closed linear proper subset of (c) and G* its 
complement with respect to (c). Since (c) is a separable space, its subset 
G* is likewise separable [3, p. 31], and we designate by 9), ) a) Se 
dense enumerable subset of G*. Inasmuch as @ is closed, the distance d(y) 
from G to y is greater than zero for each y in G*. In particular we have 
d(Yn) >0 for all n. Hence [1, p. 5%, Lemma] for each n 1, 2,3,- - 
there exist linear functionals defined in (c) such that (1) Fa(Qn) = 1; 
(ii) F,(z)=0 for all in G; and (iii) || F, || =1/d(Y,). Let Qn(2) 
= F,(r)/|| FP, || so that || Q, || (n=—1, 2,3,- - -) and let {F*,} denote 
the sequence 
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(6) — Qs; V1, Qe, Qs; — Q,—2:,— Qs, — Qs; 


in which the k-th group, set off by semicolons, contains the first k of the Qn 
with the sign of (—1)*". 

It is first of all evident from (ii) that the sequence (6) applied to 
each 2 in @ yields a sequence composed wholly of zeros. We show next that 
the sequence (6) applied to each y in G* yields a divergent sequence 
bounded by || y ||. The boundedness follows directly from the fact that 
| Qn || = 1 for all n. To establish the divergence we recall that d(y,) > 0 
and hence that we can fix a point Y), of the dense enumerable subset of G* 
so that || yo— || < 4d(yo). It is immediate then that d(Q,) = $d(y). 
Consider the equation F* = F*n(y¥o— Dp) + F*n(QYp). From (6), (i), 
(iii), and the definition of Qn(a), there exists a sequence of indices nj, T 
for which we have F*n,(Qp) = (—1)*Qp(Yp) = (—1)*d(Yp) ; consequently 
F*n, (Yo) = F*n,(Yo— Yp) + (—1)*d(Yp). The first term on the right 
does not exceed 4d(y.) in absolute value while the second alternates in sign 
and is never numerically less than %d(y)). This establishes the divergence 
of the sequence {F*,(y.)} for every yo in G*. 

Suppose now that F*,(2) = C*, lim, + C* and that f,(2), 

k=1 
given by (1), defines an arbitrary conservative (or regular) W-method such 
that not all of the numbers (*, + C, are zero. We set 


(7) = F*, (x) + fn(xv) for x in (c), 


It is apparent from what precedes that (7) defines a method W* which is 
effective (or regularly effective) in G and definitely ineffective in G*. This 


(n = 1, 2,3,° 


completes the proof. 

It may be observed incidentally that the norm condition (4) is satisfied 
by the method (7). However, there exist W-methods having the required 
property and for which (4) is not satisfied; for example, the method defined 
by Rn(x) + where rA, 00. 
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ERRATA. 


ERRATA. 


W. L. Chow, “On compact complex analytic varieties,” this JOURNAL, 
vol. 71, pp. 893-914. 

Page 894, line 8 from the bottom, “ The set W,...” should read “ The 
oot Wy, 

Page 894, line 5 from the bottom, “The set W,— W, of . . .” should 
read “The set W,— W, of .. .” 

Page 895, line 8, “analytic elements . . .” should read “ regular analytic 


elements .. .” 


Philip Hartman and Aurel Wintner, “On linear difference equations of 
second order,” this JoURNAL, vol. 72, pp. 124-128. 

Page 124, in formula (3), replace the second sign “ >” by “ <.” 

Page 125, line 14, replace “ non-decreasing ” by “ non-increasing.” 


Page 125,in the first formula line, replace “2p,” by “ 2.” 


W. L. Chow, “Algebraic systems of positive cycles in an algebraic variety,” 
this JOURNAL, vol. 72, pp. 247-283. 


Page 251, line 18, “Let K be...” should read “let K be. . .” 
Page 251, line 20, “. . . over K is called the extension U/K of U/K 
over K.” should read “. . . over K is called the extension U/K of U/K over K.” 


Page 251, line 25, “. . . an extension W/K over. . .” should read “. .. 


an extension W/K over... 
Page 281, line 16, “. . . in this case the m-adic ring . . .” should read 
. in this case the (Z X o*)m-adic ring .. .” 
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